CHAPTER 5:
Derivatives of Exponential and
Trigonometric Functions

Review of Prerequisite Skills, 0 = logy (x +2)

: 10 =x+2
pp. 224-225 e
1 The x-intercept is (=1, 0).
-2 _ *
1.a.37° = 5 b, .
21 8-
9 6
b. 320 = (V32)2 s
— 22 7
=4 . X
I -8-6-4-20 2 4 6 8
C. 27 Iy — 7
(V27)
e An exponential function is always positive, so there
¥ 1S no x-intercept.
_ 1 d4.a.sing ==~
9 r
N\ 2 2 RS
d. (-%) = (3> b. cos # = l
3 2 ’
= 2 c.tanf =
4 X
2.a.logs 625 = 4 5. To convert to radian measure from degree
{ L
b. lo 1 - > measure, multiply the degree measure by 7gge.
e a.360° X —— =2
c.log,3 =3 180° 7
d.log,, 450 = w . T ™
e. ]Og; = 8 b. 45° x ‘1 ]0° - Z
f.log, T =5 . o
. —90° X —— = ——
3. 7 80° 2
i ‘ Kis a
. d. 30° x = -
2 180° 6
'!_
3
e e. 270° X —— = 2.
-3-241 0 12 3 180° 2
o T 2
~2- f. —120° x o R
2 180° 3
=3 m S
.225° X = —
822" X Ty T g

The x-intercept occurs where y = 0.
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180° 6

6. For the unit circle, sine is associated with the
v-coordinate of the point where the terminal arm of
the angle meets the circle, and cosine is associated
with the x-coordinate.

a.sinf = b

h. 330° %

b
b. tan § = —
a

C.cosf = qa

w
d.sin|{— — 0
sm(2 >
e (77 ()) Iy
L COS | — ~ =}
05 > )

f.sin(~0)=—b
7. a. The angle is in the second quadrant, so cosine
and tangent will be negative.

1l
2

g 12
COsS U = 13
tanf = —-
an 12

b. The angle is in the third quadrant, so sine will be
negative and tangent will be positive.
sin @ -+ cos’ 6 = |

”’H+4 1
sin” - ==
9

. 76 5
sin =3
‘ V5
sl = ——
3
in 9
tanf = S
cos f
V5
2

¢. The angle is in the fourth quadrant, so cosine

will be positive and sine will be negative.

Because tan # = —2, the point (1, —2) is on the
terminal arm of the angle. The reference triangle for
this angle has a hypotenuse of V2% + 17 or V/5.

2
sin @ = —*\/——5
cos()*~l—

V3

d. The sine is only equal to | for one angle between

T
Oand 7,506 = 3.

‘sz—()
coz—

tan —721 is undefined

21
8. a. The period is "2_ or 7. The amplitude is 1.

b. The period is —— or 4. The amplitude is 2.

l
2

¢. The period is ;?- or 2. The amplitude is 3.

o Emoem : )
d. The period is 7, or 4. The amplitude is 2.
e. The period is 27r. The amplitude is 5.
f. The period is 27r. Because of the absolute value
being taken, the amplitude is 3.

2w
9. a. The period is 5 or 7. Graph the function from
x=0tox = 2w

Y

T 1 H T
m T 3m 2

2 2

b. The period is 27, so graph the function from
x=0tox = 4.

[AWA)

4

3 4

9

1-
/ x
0

O T T T
! 37 57 7’1T 47r
-1 2 2 2 7
.._2 -
...3 .

10.a. tan x + cotx = sec v csC x
LS = tanx + cot x

sinx  cosx

cosx  sinx

sin x + cos? x

i

cosx + sinx
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! cy= 2"

cos X + sinx dy Yo
RS = secx + cscx dr 20e
b d.y=¢"
COSXY sinx dy -
_ = — 3 >
I dx ‘ ‘
cos x sin x ey =¢ 7Y
Therefore}. tan x + cotx = SEC X C5C X. dy ( 6 + 2x)et e
ShP dx
b, - = tan x + secx
I — sin~x f.y=e"
LS = — ﬂ]\ ) dy 1,
1 — sin" x dx 2\/~
_osinx Joa.y = 2¢* ‘
B -‘N-—T 1) bl R
. COS™ X E_), - 2(3‘,)()\
RS = tan x secx dx _
_osinx 1] = 6x'e’
©COSX  COS X ﬁl_‘_ — d (-"(’l‘m)
sin x " dx dx
costx = (0)(3e™) + (¢M)(1)
Theref sin x [ = 3xe™ + e™
ererore, ) = lan x sec x. — A .
erefore, 75— AT X SEC X = M (3x + 1)
11.a.3sinx =sinx + 1 et
2sinx = | ¢ flx) = ¥
o] ~3xZe  (x) — e
S 2 Jix) = Y2
x=22Z d. f(x) = Vxe*
6" 6 > |
b.cosx — 1 = —cosx f(x) = Vaxe' + e"( )
2cosx = | , 2Vx
1 e fi(r) = e + 3¢’
cosx =2 h'(t) = 2te" — 3e™’
62:
Y = _71 _5__71 f‘ g(,) = 2/
373
’ (1) = e“’(l + e%) — 2e¥(e*)
g prmncd
5.1 Denvatwes of Exponential , ety
e
Functions, y = e*, pp. 232-«234 a + s oy

1. You can only use the power rule when the term

CH Y e Jv -3x
containing variables is in the base of the exponential 4.a.f(x) (3€ 3e7)

expression. In the case of y = €', the exponent - e“» — M
contains a variable. (1) = PRSP
2.a.y = ¢* ’ L
dy 23 b. f(x) = e
dy T . |
b.s =e¥7? fly=e ((x+1)2>
ds _ PEEE 11(0) = ¢7'(1)
di i 1
e
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e h'(z) =2z(1 + e %)+ 23 (—e™)

H(=1)=2(-1)(1 +e)+ (—1)(—e")
= -2 ~2¢ ¢
= -2 - 3e
5.a.y = - 2e :
‘ 1+ et
dy (1 + e")2e" — 2e'(e")
dx (1 + e*)?
dy 2(2) - 2(1)(1)
dx 2°
1
2
When x = 0,

the slope of the tangent is 3.
The equation of the tangent is y = 3x + 1, since the
y-intercept was given as (0, 1).

b.
%=0

¢. The answers agree very well; the calculator does
not show a slope of exactly 0.3, due to internal
rounding.

= 4

6.y =¢e™"
y -
dx ‘

Whenx= —},% = —erAnd when x ="—1,y ="¢.
a:

The equation of the tangentisy — e = ~e(x + 1)

orex +y = (.
y

7. The slope of the tangent line at any point is

given by

d

L= (1)) + (e
= e (1~ x).

At the point (1,¢e7"), the slope is ¢ '(0) = 0. The
equation of the tangent line at the point A is

=0~ 1)ory =1

) -
y = e

8. The slope of the tangent line at any point on the

.ody v .y

curve is 5/*‘ = 2xe ™" + x?(e™)
ax

= (2x = x*)(e™)

2x — x°

e
Horizontal lines have slope equal to 0.

1y .
We solve ar = 0
dx

Since ¢* > () for all x, the solutions are x = () and
x = 2. The points on the curve at which the tangents

4
are horizontal are (0, 0) and (2, ;)—3).

5., :
9. 1fy = E(e? + ¢77), then

=3k ) ama
Yy =S5 e ) an

N

e §_<n.l._e”:. -+ ,_}-e "i’)
AU TART:

10.a.y = ¢

dx
(12y
dx?
d’y
dx*

d"y — neany, = 3x
= (1 (e
dy  d(—3e%)
11. a. o .
= —3¢*
d*y .
dx? 3e
dy  d(xe™)
dx  dx
= (x)(2¢™) + (e*)(1)
= 2xe¥ + e
e™(2x + 1)

i
\O
x

= ~27e

b

il
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=== e(2) (20 1)(2e7)

= dyert + de

S (@)~ 1) + (3= 1))

= —¢' + de' — xe!

= 3¢' = xe!
= ¢'(3 - x)
/2 .
L= o=+ (B0
dx-
= 2" - xe'
=2 - x)
12. 2. When 1 = 0. N = 100030 + ¢"] = 31 000.
(AN I 100
b. —— = 10000 — —¢¥ | = ———¢" "
d [ 30° } 3
IN 100
¢. When 1 = 20h. 577 = —— e "= =17 bacteria/h.
(¢ 3

d. Since ¢ > 0 for all 7. there is no solution 1o
Hence. the maximum number of bacteria in the
culture occurs at an endpoint of the interval of
domain. A

When t = 50. N = 1000[30 + ¢"*] = 30 189.

The largest number of bacteria in the culture is
31000 attime r = 0.

e. The number of bacteria is constantly decreasing
as time passes.

ls NAEER
13av=" = 16(,)(*7 - w(%“*“‘)

dt 4 4
=40(1 — ¢¥)
dv |- .
b.a=—=40~¢" ] = 10e™
a o <4¢ > O¢

1V

Froma., v = 40(1 — ¢%). which gives e = 1 — .

v 1
=] o = 10—~y

¢ vy = limv

137

lim 40(1 — ¢ %)

f> ot

= 40 lim (1 - -L)
1->% ¢

i
= 40(1), since lim — = 0

[z €}

The terminal velocity of the skydiver is 40 m/s.

=
il
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d. 95% of the terminal velocity is
935

wwwww ~(40) = 38 m/s.
1004 /s

To determine when this velocity occurs, we solve
40(1 - e7*) = 38

. 38

| —¢7i = =
40

o

¢ =

20

et = 20

!
and — = In 20,

which givesr = 4 In 20 = 12 s.

The skydiver’s velocity is 38 m/s, 12 s after jumping.
The distance she has fallen at this time is
S=160(In20 — 1 + ¢

1
= 160{ In20 = 1 + =
0(1n )

= 3273 m.
14.a.i. Let f(x) = (1 + 1)". Then,
X f(x)
1 2

10 2.5937
100 2.7048
1000 2.7169

10 000 2.7181

So. from the table one can see that lim (1 + 1)*

Ny X
1
K3

ii. Let f(x) = (1 + )"

X f(x)
~0.1 2.8680
-~0.01 2.7320
-0.001 2.7196
-0.0001 2.7184

? ?

0.0001 2.7181
0.001 2.7169
0.01 2.7048
0.1 2.5837

- . 1
So. from the table one can see that lim (1 + x)' = e.

x—0
That is, the limit approaches the value of
e = 2718281 828. ..

b. The limits have the same value because as

X — =, i— — ().

5-3



15. a. The given limit can be rewritten as

) €h -1 ) e()+h — 60

R S

This expression is the limit definition of the derivative

at x = Qfor f(x) = e".

O+n e()

£/(0) = lim &%

ha0) h

. de , . . .
Since f'(x) = ﬁ = ¢, the value of the given limit

ise’ = 1.
24h _ 2
b. Again, im — is the derivative of ¢* at
h—>{} 1
x=2.
2+h 62
Thus, lim — = ¢
h-—0 )
. d , dy
16. For y = Ae®, -(-1); = Ame** and I,'% = Am’e®.
P

Substituting in the differential equation gives
Am’e™ + Ame”™ — 6Ae™ = 0

Ae“(m* + m — 6) = 0.
Since Ae* # 0, m* +m — 6 =10
(m+3)(m—-2y=0
m=~3orm= 2
d dil
1‘7. e T .‘ h P ’A — X “
a . sinh x dx{?;(p ¢ |

1

= cosh x
d 1
b{‘ [ I» SAY 2P S X
5 oSt 2(c e™)
= sinh x
. sinh x
¢. Since tanh x = ,
cosh x
d
—tanh x
dx

(% sinh x)(cosh x) — (sinh x)(% cosh x)
(cosh x)?
et + e"‘)(%)(cosh x)P (e +e™)
(cosh x)?
e — e e - e
(cosh x)?
%[(ez‘ +2+e )= (¥ -2+ e‘z")}

(cosh x)?

(4

(cosh x)?
~ 1
(cosh x)?
18. a. Four terms:

1 1 1 -
e:1+i~!+§+§—!:2.666666
Five terms:

(&=
TR T TR
Six terms:

1 1 1 1 1 va
Seven terms:

1 1 1 1 1 1 o
€:]+H+Z+§?+“4—!-+g—!+6—!:2.718035

b. The expression for ¢ in part a. is a special case of
X! x2 X3 x4

et=1+ 7+ +3 + 3 +....inthatitis the

case when x = 1. Then e* = ¢! = ¢ is in fact

el=e=1+{+y+4+5+2+.... The

value of x is 1.

5.2 Derivatives of the General
Exponential Function, y = b*, p. 240
dy  d(2™)

i.a. =
dx dx

== 3(23")ln 2
dy _d(31° + )
dx dx
In3.1(3.1)" + 342
f_li 3 d(103105)
T dr dr
= 3(10"")In 10

dw _ d(10°7°7")

il

?I; dn ‘

= (-6 + 211)(105“(”””‘)ln 10
] _(_I_X B d(3,\'3+2)

" dx dxw
=2x(3""%)In 3

[ f{y_ _ (1(4()()(2)“'*3)
" dx dx

= 40()(2)"""31n 2

5-6 Chapter 5: Derivatives of Exponential and Trigonometric Functions



5 o 4y _dxT X (5))
(1,.\' (1 Y

= (x)((5) (I 3)) + ((5)")(5x%)
= 5(x* X In5) + 5x%]
dy  d(x(3)")
dx m—:i_xw
= (0)(2x(3) " In3) + (3)"(1)
= (3)"[(2x%In 3) + 1]
. v= (20

dv_d(2))
dr dx
= (2(=1") + (t"H(2'In 2)
_ 2 22
S 1
. 3
d. f(x) = —
! 2y o 2l
) =2 n3(3 )(.\XA) 2x(3%)
~xIn3(3) - 4(3Y)
- o
_ 3lxin3 -4
~ .

3.0(1) = 1975 . o™
£ = (1075 (4re¥) + () (3(10)"In 10)
= 107 %% (4 + 31n 10)
Now, set (1) = 0.
So, f'(1) = 0 = 10" % (4r + 3In 10)
S0 10" %¢* = 0 and 41 + 31n 10 = 0.
The first equation never equals zero because solving
would force one 1o take the natural log of both
sides. but In 0 1s undefined. So the first equation
does not produce any values for which f"(1) = 0.
The second equation does give one value.
4t + 3In 10 = 0 ‘
4t = ~3In 10
3In 10
4
4. When x = 3,the function'y = f(x) evaluated at
3is f(3) = 3(2%) = 3(8) = 24. Also,
dy d(3(2)")

dx dx

=3(2%9n2
So,atx = 3,
dy

It

3(2%)(In2) = 24(In2) = 16.64

Therefore, y — 24 = 16.64(x — 3)
y — 24 = 16.64x — 49.92
—16.64x + y + 2592 =0

dx
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5 4 _ 4o

o (1,\’ (7'.\’
= 1Fn 10
So,atx = 1,
dy ! . N
=== 101010 = 10(In 10) = 23.03

Therefore, v — 10 = 23.03(x — 1)
y — 10 = 23.03x — 23.03
=23.03x + y + 13.03 = 0
6. a. The half-life of the substance is the time
required for half of the substance to decay. That is. it
is when 50% of the substance is left. so P(1) = 50.
50 = 100(1.2)7'

l — -

5= (1.2)

I

2 (1.2

(1.2) =2
((ln1.2) =1In2

_Inl.2
 In2

1 = 3.80 years
Therefore, the half-life of the substance is about
3.80 years.
b. The problem asks for the rate of change when
t = 3.80 years.
P'(r) = —100(1.2)7"(In 1.2)
P'(3.80) = —100(1.2)"®*)(In 1.2)
= -9.12
So, the substance is decaying at a rate of about
—9.12 percent/year at the time 3.80 years where the
half-life is reached.
7. P = 0.5(10%)e"0
a. %[; = 0.5(10%)(0.200 15)™20 1
In 1968, t =1 and % = 0.5(10")(0.200 15)e" 201" =
0.122 25 x 10° dollars/annum
In 1978, 1 = 11 and
& = 05010)(0:200 15)¢" 02010
= 0.904 67 x 10” dollars/annum.
In 1978, the rate of increase of debt payments
was $904 670 000/annum compared to
$122 250 000/annum in 1968. As a ratio,
Ratein 1978 74

Roem1968 — 1° The rate of increase for 1978 is

7.4 times larger than that for 1968.
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b. In 1988, 1 = 21 and

>

iF S
= 05(10%)(0:20015)e? 02013
[¢

= 6.69469 X 10” dollars/annum
In 1998, t = 31 and

AP
= 0.5(10°)(0:20015)e7 7020
= 49.541 69 x 10" dollars/annum
ate i 8 7.4 .
As a ratio Raein 1998 -—. The raie of increase

* Ratein 1988 1
for 1998 is 7.4 times larger than that for 1988.

¢. Answers may vary. For example, data from the
past are not necessarily good indicators of what will
happen in the future. Interest rates change, borrowing
may decrease, principal may be paid off early.

8. When x = 0, the function y = f(x) evaluated at 0
is f(0) = 27" = 2° = 1. Also,

dy d(2)

dx dx ]

= =252 )n 2
So, at x = {),
dy - .
= = =222 =0
ir (0)(27")In

Therefore, y - 1 = 0(x ~ ()
50,y —1=0ory = 1.

ry

ot

A
=

!
o
i
O\..
i
S
H
o
(=]
NS4
-
o\<
m..

120

100

80+

60 A

40

204

t

O >y,
¥ ¥ T T ¥ T T T T T T ¥

0 20 40 60 80 100 12

From the graph, one can notice that the values of v (1)
quickly rise in the range of about 0 = 1 = 15. The
slope for these values is positive and steep. Then as the
graph nears 1 = 20 the steepness of the slope decreases
and seems to get very close to 0. One can reason that
the car quickly accelerates for the first 20 units of time.
Then, it seems to maintain a constant acceleration

for the rest of the time. To verify this, one could dif-
ferentiate and look at values where v’ (1) is increasing.

5.3 Optimization Problems Involving
Exponential Functions, pp. 245-247

i1.a.

12" (KI-4 (3K

_—

P
R=0 =9

The maximum value is about 0.3849. The
minimum value 1s 0.

A

Haximum
=-1.500

N tiesyert -2t

#e -y ¥=-5861.916

The maximum value is about 10.043. The
minimum value is about —5961.916.
2Zoa.flx) =e " —e Fon0=x=10
f'(x) = —e ™ + 3™
Let f'(x) = 0, therefore ¢ ™% + 3¢™* = ().
Lete™ = w, when —w + 3w’ = (.
w(—1+ 3w?) = 0.
Therefore, w = 0 or w? =3

1
MRRVEY
1
7

Butw=0,w =+

E.8 Chapter 5: Derivatives of Exponential and Trigonometric Functions



! 1

Whenw = (3¢ ' = /5
~xlne=1Inl-1In\V3
~_In V3-in1
v=
= In\V3
= {).55.
f(0) = ¢" = ¢"
=

1(0.55) = 0.3849
f10) = ¢ = ¢ = 0.00005
Absolute maximum is about 0.3849 and absolute
minimum is 0.
m(x)=(x+2) " on—-4sx=4
mx)=e >+ (=2)(x + 2)e ™
Let m'(x) = (.
e ™ # 0. therefore. | + (=2)(x +2) =0

y o=

m(—4) = —2¢% = —5961

m(—1.5) = 0.5¢" = 10
m(4) = 6e”% = 0.0002

The maximum value is about 10 and the minimum
value is about —5961.
b. The graphing approach seems to be easier to use for
the functions. It is quicker and it gives the graphs of
the functions in a good viewing rectangle. The only
problem may come in the second function; 7 (x),
because for x < 1.5 the function quickly approaches
values in the negative thousands.

20
J.a. P(1) = T+ 3¢ 00

20

1+ 3e~~().()2(())
20
| + 3¢"
20
4
=5

So, the population at the start of the study when
¢ = 0 1s 500 squirrels.
b. The question asks for lim P(1).

==

P(0) =

- 1
As t approaches %, ¢ "% = — approaches 0.
¢

Calculus and Vectors Sojutions Manual

. 20
20

1+ 3(0)

= 20.
Therefore, the largest population of squirrels that
the forest can sustain is 2000 squirrels.
¢. A point of inflection can only occur when
P"(r) = 0 and concavity changes around the point.
20

P = T3

P(1) = 20(1 + 3e 00y~

P (I) - 20( _ ( 1 + 3¢~ ().021)“2(’ — ()‘06(2*-(),()2!))

—_ (1.28—0'02/)(1 4 36,—().()21)~-2
P (’) — [(] 264).()21)(“2( 14 3¢ ().()21)— 3(_ ().()6(?'(),021)}
+ ( l + 38«().()2!)M2( _0'02484).()21)
0_1446—([()41 (’).0246—1),021
= (1 + 3¢ 00y - (1 + 3¢ 00212

0.144¢" 0.04 B 0024€~ 0.02r -
(1 4+ 36--04021)3 (l + 38"0‘02’)2 -
Solving for 1 after setting the second derivative
equal to 0 is very tedious. Use a graphing calculator
to determine the value of ¢ for which the second
derivative is 0, 54.9. Evaluate P(54.9). The point of
inflection is (54.9, 10).
d.

2 A P(t}

20-

So, lim P(1)

[ Y

Il

0

P"(0) when

15 1

10 1

5_
7 t
O T T T T T

0 50 100 150 200 250 300
e. P grows exponentially until the point of inflection,
then the growth rate decreases and the curve becomes
concave down.
4.a. P(x) = 1071 + (x — 1)e”"™"], 0 = x = 2000
Using the Algorithm for Extreme Values, we have
P(0) =101 - 1] =0
P(2000) = 1071 + 1999¢ %] = 271.5 x 10°.
Now,
P'(x) = 10(1)e” "M + (x — 1)(—0.001)e """
= 10% 0% (1 — 0.001x + 0.001)

\
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Since e "M > — for all x,
P'(x) = 0 when 1.001 - 0.001lx = 0

¢ = 1991 = 1001.
0.001

P(1001) = 10°[1 + 1000e""™] = 368.5 x 10°
The maximum monthly profit will be 368.5 X 106
dollars when 1001 items are produced and sold.
b. The domain for P(x) becomes 0 = x = 500.
P(500) = 101 + 499¢7"*] = 303.7 x 10°
Since there are no critical values in the domain, the
maximum occurs at an endpoint. The maximum
monthly profit when 500 items are produced and
sold is 303.7 x 10° dollars.
5.R(x) = 40x% " 4+ 30.0 = x = 8
We use the Algorithm for Extreme Values:
R'(x) = 80xe ™" + 40x2(—0.4)e ¥

= 40xe "M (2 — 0.4x)
Since ¢ "* > 0 for all x, R'(x) = 0 when
x=0o0r2 -~ 04x =10

XY= 5,

R(0) = 30
R(5) = 1653
R(8) = 1344
The maximum monthly revenue of 165.3 thousand
dollars is achieved when 500 units are produced and
sold.
6. P(ti=100e" — ¢ ™M 0=i=<3

Pty = 100(—e"" + de™%)
= 100e (=1 + de™ )
Since e ' > 0 for all 1, P'(1) = 0 when
de ' =1
I
e = L
4
=3t = In(0.25)
_ —1In(0.25)
’ 3
= (1462,
P{0)y=20
P(0.462) = 472
P(3) =498

The highest percentage of people spreading the
rumour is 47.2% and occurs at the 0.462 h point.

5-10

7. C = 0.015 X 10%™7 % 0 < 1 = 100

a. Cclt
16 PEtt)
g
5 14 -
2
v 12 A
DA
(E).CQ: 10
- =
= E 8
23
£EG 6
n L2
>
£ 4
8
‘a 2 A
()
O I’\

O 20 40 60 80 100
Years since 1867

C L | “
b. d[t = 0.015 X 10 X 00753300753
¢
In 1947, + = 80 and the growth rate was
ac

o 0.468 05 X 10” dollars/year.

In 1967, 1 = 100 and the growth rate was
% = 2.1115 X 10’ dollars/year.
The ratio of growth rates of 1967 to that of 1947 is
21115 x 107 4511
0.468 05 X 10° 1
The growth rate of capital investment grew from
468 million dollars per year in 1947 to 2.112 biliion
dollars per year in 1967.
¢. In 1967, the growth rate of investment as a
percentage of the amount invested.is
21115 x 107
28.0305 x 10°
d.In 1977, 1= 110
C = 59.537 x 10° dollars

dac

o= 4.4849 x 10° dollars/year.

e. Statistics Canada data shows the actual amount of
U.S. investment in 1977 was 62.5 % 107 dollars.
The error in the model is 3.5%.

f. In 2007, t = 140.

The expected investment and growth rates are

C = 570.490 x 10" dollars and dlg = 42.975 x 10’
dollars/year. @

X 100 = 7.5%.
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8. a. The growth function is N = 2¢. ” E'(1) = ().5((”'"‘:' B j’m_..{;)
The number killed is given by K = e-. 10

- e N = A2 - . .
After 60 minutes, N = 2%, + (),6(_0,”..3 + _l_(3() ~ e ,5‘:>

Let T be the number of minutes after 60 minutes. 20
The population of the colony at any time, T after = 0.05¢"F(10 = 1) + 0.03¢
the first 60 minutes is '
P=N -k (—2()+3()~1)‘
=%~ T=0 = (0.05¢ 7% + 0.03¢ ") (10 = 1)
gﬁzzﬁ(g)mz_ugé E'(1) =0when 10— 1 =0
dt 5) 3 t. = 10 (The first factor is always a positive number.)
A 1In » E(0) =5+ 54+ 18 = 14.42
=2“C?J“§@ E(10) = 16.65
E(30) = 1115
= 217, 2'<1§~> - }.()«' For maximum study effectiveness. 10 h of study
S 3 should be assigned to the firs exam and 20 h of
ar ) an2. 1, study for the second exam.
~—— = () when 2'"—2° = —¢" or . .
di 5 3 10. Use the algorithm for finding extreme values.
In 2 E 2( = ol First, find the derivative f"(x). Then. find any
5 critical points by setting f"(x) = 0 and solving for x.
We take the natural logarithm of both sides: Also, find the values of x for which f'(x) is
ln( _ln 2\\ ] - T undefined. Together these are the critical values.
/ 5 3 Now, evaluate f(x}) for the critical values and the
1 In? endpoints 2 and — 2. The highest value will be the
74404 = T (g - ‘{“) absolute maximum on the interval and the lowest
_ 7 4404 -:33 - value uiill t\)e the z:bsofme min‘imum on the interval,
01947 =~ 7% . 11, a f/(x) = (x)(e") + (') (2x)
AT =0, P =2"= 4096. =e'(x? + 2x)
At T = 382, P = 478 158. The function is increasing when f'(x) > 0 and

decreasing when ' (x) < (- First, find the critical
values of f'(x). Solve ¢* = 0 and (x* + 2x) = 0
e' 1s never equal to zero.

For T > 382, 42 is always negative.
il
The maximum numbex of bacteria in the colony

occurs 38.2 min after the drug was introduced. 42 =0
At this time the popu]ation numbers 478 158. x(x +2) = 0.
b. P = 0 when 2™ = ¢ So, the critical values are 0 and ~ 2.
60+ T n2 - T ‘ , -
5 ns= 3 nterva e"(x* + 2x)

I In2 x= 2 i

]2]1‘12:7<§—~§*) 2 <x<0 -~

T =4272 0<x +

The colony will be obliterated 42.72 minutes after
the drug was introduced.

9. Let 1 be the number of minutes assigned to study
for the first exam and 30 — ¢ minutes assigned to
study for the second exam. The measure of study
effectiveness for the two exams is given by
Ey=E(()+ E@B0-1n0=1=30

So, f(x) is increasing on the intervals (— =, —2)
and (0, «).

Also, f(x) is decreasing on the interval {2, 0).

b. At x = 0, f'(x) swilches from decreasing on the
left of zero to increasing on the right of zero. So,

x = 0 is a minimum. Since it is the only critical
point that is a minimum, it is the x-coordinate of the
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absolute minimum value of f(x). The absolute
minimum value is f(0) = 0.

12.a.y = ¢'

Setting ¢* = 0 yields no solutions for x. ' is a
function that is always increasing. So, there is no
maximum or minimum value fory = e* + 2.

y

-8-6-4-20 2 4 ¢ 8

b. y’

i

(x)(e) + (e)(1)
=e(x+1)

Solve ¢ = 0Qand (x + 1) =0

e* is never equal to zero.

x+1=0
x = —1.

So there is one critical point: x = —1.

Interval & (x + 1)

X< =1

x> =1 +
So y is decreasing on the left of x = ~1 and
increasing on the rightof x = —1.80x = ~1 is the

x-coordinate of the minimum of y. The minimum
value is —e¢”! -+ 3 = 2.63. There is no maximum
value.

ey = (2x)(2e¥) + (e¥)(2)
=2e"(2x + 1)

Solve 2¢** = 0and 2x + 1) = 0

2e™ is never equal to zero.

2x+1=0
L
’ 2
So there is one critical point: x = —3.
5-12

Interval 2e¥(2x + 1)
1
X< - -
1
x> - +
2
So y is decreasing on the left of x = —1 and
increasing on the right of x = =4 Sox = —!is the
x-coordinate of the minimum of y. The minimum
value is

2(_%>(€2<«é))

= -

= —(.37. There is no maximum value.

o
Y\
i

= (3x)(—e™") + (¢7)(3) + 1

=3e (1 —x) +1
Solve 3e™ (1 —x) + 1 = 0.
This gives no real solutions. By looking at the graph
of y = f(x), one can see that the function is always
increasing. S0, there is 1o maannuin of iiniinin
value for y = 3xe™ + x.
Y

8~

A

Y.

() (—xe™ ") + (73 (1)
= ey 4 1)

Solve e = 0 and (1 — x?) = 0.

e~ gives no critical points.
1—-xt=0

(1-x)1+x)=0

13. P'(x)
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Sox = I and x = — 1 are the critical points.
So P(x) is decreasing on the leftof x = —1 and on
Interval e 0 (x? + 1)
x < =1
1 < x <] +
T<x

the right of v = 1 and it is increasing between
x=—land x = 1. Sox = —1 is the x-coordinate of
the minimum of P(x). Also, x = 1 is the x-coordinate
of the maximum of P(x). The minimum value is
P(=1) = (=1)(e""" ) = - = (.61,
The maximum va]ug: 1s
P(1) = (1)(e ") = ¢ " = 0.61.
14. a. d(t)
120 A
100 4
80 A
60 A
40 A

20 A

L

O T T T T T H
0 2 4 6 8 10 12

b. The speed is increasing when d'(¢) > 0 and the
speed is decreasing when d'(1) < 0.
d'(t)y = (2000)(—2")(In 2) + (277)(200)
=20002) (—tIn2 + 1)
Solve 200(2) ' = 0and —1tIn2 + 1 = 0.
200(2)7" gives no critical points.
~tIn2+1=90
I

t = —— = 1.44
In2

I . .. .
Sor = — is the critical point,
n

Interval

! )
te — +

In2
1

t >

In2

20002y (-tIin2 + 1)

So the speed of the closing door is increasing when

1 . 1
< t < -— and decreasing when r > ——,
0 ! In?2 d g In2

Calculus and Vectors Solutions Manual

. . . )
¢. There is a maximum at 1 = 5 Since d' (1) <0
n<

. 1 . )
fort < ——and d'(1) > O forr > —.
In2 in2

The maximum speed 13
d(l—n%) = 200 (m]--i)(z)“‘ W= 106.15 degrees/s
d. The door seems to be closed forr > 10 s.
15. The solution starts in a similar way to that of 9.
The effectiveness function is _
E(1) = 05(10 + 1e7%) + 0.6(9 + (25 = r)e™ ™).
The derivative simplifies to
E'(1) = 0.05¢"5(10 — 1) + 0.03¢™ 5 (5 ~ 1).
This expression is very difficult to solve analytically.
By calculation on a graphing calculator, we can
determine the maximum effectiveness occurs when
r = 8.16 hours.
al.

16. = a-+ (L —a)e
a. We are given a = 100, L = 10000, & = 0.0001.

B 10° B 10

100 + 9900 * 1+ 99e”

= 10*(1 + 99¢7')"!

P

3
i

Number of cells {(thousands)
o

>t

0 T T T T T
10 12

0 2 4 6 8
Days

b. We need to determine when the derivative of the
P\ . : a’p
growth rate —r) 1s zero, i, when ;7 = (.

dP —10°(=99¢7)  990000e "’
dr (1499 (1 + 99¢7)
d’P —990000e™"(1 + 99 ™) = 990000e
darr (1 + 997y
o (21 + 997 (=99 ™)
(1 + 99¢ )
~=990000e”" (1 + 99¢™) + 198(990000)e "
= (1 + 99¢~)
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= = {) when

i
990000e™"(—1 — 99¢™" + 198¢ ') = 0
99e™' =1
e =99
t =1n99
= 4.6

After 4.6 days, the rate of change of the growth rate

is zero. At this time the population numbers 5012.
dp 990 000¢ - 3
¢. When t = 3.7 = (771 99,7y = 1402 cells/day.

AP 990 000¢-5
Whent =8, 7 = (1 + 990 7 = 311 cells/day.

The rate of growth is slowing down as the colony is
getting closer to its limiting value.

Mid-Chapter Review, pp. 248-249

pa Do dGe™)
dx dx

= (5S¢ ™)(~3x)
= (5¢77Y)(~3)

= - 15e7 ™

c. :—;}5 = () (e™) + (*)(e™)
= () (e (=20)) + (D) (e ™)
= (F)(e))(~2) + 3
= —2x%e ¥ + 3xle
=e ¥ (=2x" + 3x?)
dy N2 N
d. o2 = (= 1) + (= DY ()
= (x = 1)%(e") + (2(x = 1))(e")
= (xF = 20 + 1)(e) + (2x — 2)(eY)
= (e)(x? - 2x + 1+ 2x —2)
= ()7 - 1)
dy

L= - Y x — ™'Y
edx (x—e™(x~e™)

=2(x = e™)(1 = (e7)(~x))
=2(x —e™)(1 = (e)(-1)
=2(x —e )1 +e™)
=2{x+xe Tt — et =TT
=2(x +xe™  — e — ™)

5-14

Ldy (et + e ) (et — e
R
(e" — e )(et + ety
- (e + e~-:\')2
(e e — () (=)
B (' + e ™)
(¢ = e (e + (e ) (=x))
B (ef + ™)
(" + e ) (e = (e7)(=1)
(e* + e™)?
(e" —e " )(e' + (e7)(—1)
- (e" +e7)
(et e ) (et + e
- (ef + €~.\‘)2
(e — e )et ~e™)
- (e + e™)?
e S A L S
(e" + e *)?
(e'l" — eV — " 4 ()'"E.r)
- (" + ™)
e+ e+ e+ e - e
(e + e™)?

V4 oV — 2
(" + )
L 4
(e.\' + e—~,\')2
1P
2. 8.5 = 100e"%(~51)
dt

= 100e™>'(—5)

= —500e "
b. The time is needed for when the sample of the
substance is at half of the original amount. So, find

rwhen P = 1.
P = 100e™¥

1 .
5 = 100¢ ™

»}._- — e»Sr
200
] ! 5t
n———= -
200
In 35 _ .
-5
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dp
Now, the question asks for 77, = P’ when

p= 0 g

= —2.5 (using a calculator)

= (=) + () (=)
= (20 + (@)= 1)

= —xe' ~ ¢
At the point x = (.

4@y _ ~0e" — " = —1.

dx
At the point x = (),
v=12 - 0" =2
So. an equation of the tangent to the curve at the
pomnt x = 0is
y—2=-1x-10)
v 2= -
yo= -yt 2
x+y—2=10
d.oa.y' = =3(")
= —3¢"
o= 3t
b,y = (x)(e™) + (eM){x)
= (0)((e™) + (2x)) + (1)
= ()((e*)(2) + e
= 2xe” + ¢
v o= (200 ,_\) + (e*)(2x) + e*(2x)
= (20)((e7)(2%)) + (e¥)(2) + (e¥)(2)
= (2x)((e™)(2)) + 2e* + 2
= dxe™ + 4o
. v = ()4 - x) + (4= x)(e")
= (e (1) + (4 - x)(e)

= —¢" + 4t — xe'

i

U,y

= 3¢t — xe'
¥ = Ge) = [ + ()]
= 3e¢' = [xe' + (e")(1)]
= 3¢' — xe' — ¢!
= 2¢" — xe*
= (8*%)(In 8)(2x + 5)

(8% ") (In 8)(2)
2(In 8)(8*"%)

il

Il
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b. i’l = 32((10)**)(In 10)(0.2x)'

= 3.2((10)"")(In 10)(0.2)
= 0.64(In 10)((10)*)
e f(x) = (x*)(2) + (297
= (x*)(2)(In 2) + (2)(2x)
= (In 2)(x%2%) + 2x2¢
= 2((In 2)(x%) + 2x)
d. H'(x) = 300((5)» "Y(In 5)(3x - 1)
300((5)™ ") (In 5)(3)
900(In 5)(5)* !
= 900(In 5)(5)* !
e. ¢'(x) = (1.9) - (In1.9) + 1.9(x)"*"!
= (1.9)* - (In 1.9) + 1.9(x)"
= (In 1.9)(1.9) + 1.9x"
ff(x) = (x = 2)%(4") + (4)((x = 2)*)
= (x = 2)(4")(In4) + (4)(2(x — 2))
(In 4)(4%) (x — 2)7 + (4")(2x — 4)
= 4°((Ind)(x — 2)" + 2x — 4)
6. a. The initial number of rabbits-in the forest is
given by the time ¢ = (.
R(0) = 500(10 + ¢ ™)
= 500010 + 1)
S00(11)
5500

. T dR
b. The rate of change is the derivative, —.

dt
R(r) = 5000 + 500(e™™)

dR ‘
5= 0+ s00(e
d ( )< 10)

= 500(e” w)( ]]0)

= =50(e™™)
¢. 1 year = 12 months
dR
The question asks for
R(12) = =50(e")
= —15.06
d. To find the maximum number of rabbits,
optimize the function.

R'(t) = ~50(e"%“)
0= —50(e™")
0=¢h

Il

il

il

il

= R’ whent = 12.

I
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When solving, the natural log (In) of both sides
must be taken, but (In 0) does not exist. So there
are no solutions to the equation. The function is
therefore always decreasing. So, the largest number
of rabbits will exist at the earliest time in the interval
at time ¢ = 0. To check, compare R(0) and R(36).
R(0) = 5500 and R(36) = 5013. So, the largest
number of rabbits in the forest during the first

3 years is 5500.

€ 6000 T

4000

2000 A

0

0 10 2|O 3IO 4'()
The graph is constantly decreasing. The y-intercept
is at the point (0, 5500). Rabbit populations normally
grow exponentially, but this population is shrinking
exponentially. Perhaps a large number of rabbit
predators such as snakes recently began to appear in
the forest. A large number of predators would
quickly shrink the rabbit population
7. The highest concentration of the drug can be
found by optimizing the given function.
C(1) = 10e™ — 10e™
C'(1) = (10e™2)(=2t) = (10e"¥)(=31)’
(10e™%)(=2) — (10e*)(~3)
—20e™ % + 30e"™
Set the derivative of the function equal to zero and
find the critical points.
0 = —20e™% + 30
20e™% = 30e ¥

I

i

2

gemb — e~3:
2 e
37 ¢
2 -
= (@Y
z:__ =3+2
3
2_ -
3 - €

3-16

m(m§>:,

Therefore, 1 = —(]n ,) = (.41 is the critical value.
Now, use the algorithm for finding extreme values.
C(0) = 10(e" — "y = 0

2
C(— (ln 3—)) = 1.48 (using a calculator)
C(5) = 0.0005

So, the function has a maximum when
1= - (]n 3) = 0.41. Therefore, during the first five
hours, the highest concentration occurs at about
0.41 hours.
8.y = e
vo= ckel
The original function is increasing when its deriva-
tive is positive and decreasing when its derivative is
negative.
e > 0forallk, xeR. V
So. the original function represents growth when
ck > 0. meaning that ¢ and k must have the same
sign. The original function represents decay when ¢
and k have opposite signs.
9.a. A1) = 5000e™™
= 5000e"2
= 5000
The initial population is 5000.
boatt =7
A(T) = 5000¢"77) = 575]
After a week, the population is 5751.
¢ atr =30
A(30) = 5000e"200 = 9111
After 30 days, the population is 9111.
10. a. P(5) = 760133
= 406.80 mm Hg
b. P(7) = 760e 125
= 316.82 mm Hg
c. P(9) = 76013
= 246.74 mm Hg
1. A = 100e™
A" = 100e " (—0.3)
= —30¢ ~0.3x
When 50% of the substance is gone, y = 50
50 = 100e "0
0.5 = ¢ 0¥
In (0.5) = Ine "
In (0.5) = —03xIne

i
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In05 = —(3x
Ine
In05
03Ine !
x =231
A= =30 "V
A'(231) = —30e 10.312.31)
A= 15

When 50% of the substance is gone, the rate of
decay is 15% per year.
12. f(x) = xe'

f'(x) =xe' + (1)e'

=¢Y(x + 1)
Soe' >0
x+1>0
x> -1

This means that the function is increasing when
x> -1

13.y=5"
When x = 1.
o 1
y= 5
Vv =5"(=2x)In5
T
y'=-35n
Sy — % = ~%ln§(x - 1)

Sy - 1= -2In5(x — 1)
5y — 1= (-2In5)x+21In5
2InS5)x + 5y = 2In5+ 1

y

4_

2,~
I X
-4 -2 0 2 4

_2_.

....4_

14.a. A = P(1 + i)
A(1) = 1000(1 + 0.06)'
= 1000(1.06)’
b. A’(1) = 1000(1.06)'(1) In (1.06)
= 1000(1.06)' In 1.06
c. A'(2) = 1000(1.06)? In 1.06
= $65.47
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A'(5) = 1000(1.06)° In 1.06
= $77.98
1000(1.06)" In 1.06
$104.35
d. No, the rate is not constant.
A'(2)
e. A2) = In 1.06
A'(S) |
A(5)
A'(10)

Y 06
A(10) "

A’(10)

n1.06

f. All the ratios are equivalent (they equal In 1.06,

which is about 0.058 27). which means that %% 1s

constant.

15.y = ¢¢'
Vo= c(et) + (0)e?

= ce'

1

3

’

y =y = ce'

5.4 The Derivatives of y = sin x and
y = ¢os X, pp. 256~257

dy 1(2x
1. a.i-)* = {cos 2x) d(2x)
dx dx
= 2 ¢os 2x
1y 1(3x
b = ~2 (sin3x) - LOY)
dx dx
= —6sin 3x
‘ ; {(x? = 2x + 4
c.gbi = (cos (x" — 2x + 4)) - dlx ! )
dx dx
= (3x2 = 2)(cos (x* — 2x + 4))
1y 1(—4.
0. o in (a2
dx dx
= 8sin (—4x)
dy 1(3 1(4x
e.—)~ = cos (3x) * d(3x) + sin (4x) - d(4x)
dx dx dx
= 3 cos (3x) + 4 sin (4x)
f. & =2"(In2) + 2cosx + 2sinx
dx
dy . d(e)
g. e cos (e') it
= e'cos (€')
d 1(3x + 2
h. &L = 3 cos (3x + 2w)-f—(—"-—f—)
dx dx

= 9cos (3x + 2m)
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Q
dx

=sin (sin 2x) - 2 cos 2x
d.y = (sinx)(1 + cosx)"’

(sinx){= (1 + cosx) %+ (~sinx)

+ (1 + cosx) '(cos.x)

—sin® x Cos X
—(1 Feosx) 1+ cosx
o osinTx cos x(1 + cos x)
© (1 + cosx)? (1 + cos x)?

dy
" dx

dy
f.—
dx

sin®x + cos’ x + cos x

il

(1 + cos x)?
1+ cos x

(1 + cosx)’

1
I + cosx

(e")(—sinx + cosx) + (cos x + sin.x)(e")

e'(—sin.x + cos x + cos x + sin x)

e (2 cos x)

(2x*)(cos x) + (sinx)(6x?)

—[(3x)(—=sinx) + (cos x)(3)]
=2x%cosx + 6x¥sinx + 3xsiny — 3 cos x

3

f(x)=cosx

5-18

'n'> i (77

3.a. Whenx = g flx) = f(_

3

)

i. SI—\- =2x —sinx + 0
dx )
=2x - sinxy
X (1’); ” (]) d(‘:)
.= -]
J dx ¢ X dx
<o (1)
= ——5 cos | —
x* X
dy . .
2.a T (2sinx)(—sinx) + (cos x)(2 cos x)
dx
= —2sin’x + 2cos’ x
= 2(cos’x — sin" x)
= 2 cos (2x)
b.y = (v ")(cos 2x)
1y ; 5
(T) = (x7')(~2sin 2x) + (cos 26)(—x"2)
dx
. 2 sin 2x _ cos 2y
h X X’
Iy ) . {(sin 2x
C. & sin (sin 2xv) - d(sin 2x)
dx dx

\/g

>

1s

%]
]
o
j==}
o
£
=
jab)
=.
]
=
-
@]
=
-
-
[¢])
g
i
[vj]
o
=
=
2
=
(e}
o]
2.
=2
)
i
(SRR

*.\'f+2y+(1;:—\/§>=0

b. When x = 0, f(x) = f(0) = 0 + sin (0) = 0.

f{(x)=1+4cosx
F(0) =1+ cos (0)

=1+1
= 2
So an equation for the tangent at the point x = 0 is
y=0=2(x~—0)

y = 2x
=2x+y=90
mo o, 1 _ _’]Z
¢. When x = Zv.f(-‘) . <4) cos (4 4)
cos () :
-1
H4x
f'(r) = ~—8In (4,\') . L(_’_\l
A
= —4sin (4x)
2 (A I
! (4> 4sm<4 4)
= —4sin (77)
= {}

. . Wl
So an equation for the tangent at the point x = 7S

y—(~1)= ()<x = «})

y+1=0
y= -1

d.f(x) =sin2x + cosx, x = *;T

. ~ . m ~
The point of contact is (E, ()). The slope of the
tangent line at any point is f'(x) = 2 cos 2x — sin x.

ki
At (5. 0), the slope of the tangent line is

2 cos m—sin —725 = -3,
An equation of the tangent line is y = ~3(x - 2).
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e"‘(,)——-c)<2,+3>»—_ﬂ
f(x 0s ..\ 3)YT

The point of tangency is <Z ~\~/~> The slope of the

. . . . ks
tangent line at any point is f'(x) = —2sin (2)( + :1).

7 _\V3
At (4* ------- ) the slope of the tangent line is

. S
-2 sin <7)~> = —].

An equation of the tangent line is

vt ‘\;2 = *(x - 5—)

s« 210 ~3) 2003 )
= 2(1)(0)
=0

f7(x) = (2sinx)(—sinx) + (cos x)(2 cos.x)
~2sin°x + 2cos’x
2(cos® x — sin’ x)

i

i

= 2 ¢os (2x)
f(g) = 2 ¢O0s8 (2 . g)

=2 ¢cos T

= -7

. ~ T
So an equation for the tangent when x = 5 s

-3

y=—2x+7
2x +y —a =10
4. a. One could easily find f'(x) and g'(x) to see
that they both equal 2(sin x)(cos x). However, it
is easier to notice a fundamental trigonometric
identity. It is known that sin’ x + cos’x = 1. So,
sinx = 1 — cos’ x.
Therefore, one can notice that f(x) is in fact equal
to g(x). So. because f(x) = g(x), f'(x) = g'(x).
b. f’(x) and g'(x) are negatives of each other.
That is, f/(x) = 2(sin x)(cos x) while
g'(x) = —2(sin x)(cos x).

5.a.v(1) = (sin (V1))

y =0

i

V(1) = 2sin (V1) - d(sm (\/))

= 7 sin (\/) cos (\/) d(\/)

= 2sin (V1) - cos (V1) - _2.,”%

Calculus and Vectors Solutions Manual

i

2sin (V1) - cos (V1) -

sin (V1) cos (V1)
Vi
b.v(1) = (1 + cos1 + sin' )

1 N
V(1) = ~2-(1 + cost + sin“ )"

{(1 + cost + (sin1)
y d( cOs (sin 1))

dt
(sm 1)

di
/1 +cost+ sin‘ 1
~sint + 2(sin1){(cos 1)
2\/1 + cost + sin’1
¢. h(x) = sin x sin 2x sin 3x
So, treat sin x sin 2x as one function, say f(x) and
treat sin 3x as another function. say g(x).
Then, the product rule may be used with the
chain rule:
h(x) = f(x)g' (x) + g(x)f"(x)
(sin x sin 2x)(3 cos 3x)
+ (sin 3x)[(sin x)(2 cos 2x)
+ (sin 2x){cos x)]
= 3 sin x sin 2x cos 3x
+ 2 sin x sin 3x cos 2x
+ sin 2x sin 3x cos X

—sint + 2(sinr1) -

i

d(x* + (cos x)?)
dx

= 3(x? + cos?x)? - (2x + 2(cos x)(—sin x))

= 3(x? + cos’ x)? - (2x — 2sin X COs X)
6. By the algorithm for finding extreme values, the
maximum and minimum values occur at points on
the graph where f'(x) = 0, or at an endpoint of the
interval.

dy

4. — = —sinx + cosx
dx

d. m'{x)

{l

3(x? + cos? x)* -

Iy . .
- Set %\— = () and solve for x to find any critical points.

ax

., cosx —sinx =0

COS X = Sin X

| = sin x
cos x

1 =tanx
7 S

Y = —, —
4 4

Evaluate f(x) at the critical numbers, including the
endpoints of the interval.
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5
27 2

4

]

fo)=cosx +sinx| 1 V2l -vZ ]

So, the absolute maximum value on the interval is

T .
\/E when x = 7 and the absolute minimum value

. . T
on the interval is -\/5 when x = e

—=1-2sinx

L dy . .. .
Set o 0 and solve for x to find any critical points.
ax

1 —2sinx =0
1 =2sinx

1
EI S5y
T om
YT

Evaluate f(x) at the criucal numbers, inciuding the
endpoints of the interval.

ko w

X = *‘"6' —6~ ig
fO)=x+2cosx| -5 - 2 —165+ 3 —675+\/§ -2
=514 ] =121 =226 | =114

So, the absolute maximum value on the interval is
m -
2.26 when x = G and the absolute minimum value

on the interval is —5.14 when' x = —1r.
N
8_
4‘
| /\ X
2
...4._
...8_
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1y .
€. = COSx + sinx
dx
dy - . .
Set o 0 and solve for x to find any critical points.
ax

cosx + sinx = 0

sinxy = —Ccosx
sin x
cosx -1
tanx = — ]
_3m Im
SR

Evaluate f(x) at the critical numbers, including the
endpoints of the interval.

x 0 3o I 2
4 4
fx)=sinx —cosx| —1 V2l -va -

So, the absolute maximum value on the interval is

/= 3 L
/2 when x = zi and the absolute minimum value

. . T
on the interval is ~~\/§ when x = e

»

d

[¢ .
.~ =3cosx — 4sinx
dx

ly - .. .
Set *((;); = 0 and solve for x to find any critical points.

3cosx —4sinx =0
3cosx =4sinx

3 sin x
4 cosx
3__.

Zw tan x
3

tan™! (Z) = tan”' (tan x)

Using a calculator, x = (.6435.

This is a critical value, but there is also one more in
the interval 0 = x = 2. The period of tan x is ,
so adding 7 to the one solution will give another
solution in the interval.

x = 0.6435 + 7 = 3.7851
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Evaluate f(x) at the critical numbers, including the
endpoints of the interval.

x 0 0.64

f(x) = 3sinx + 4cos x 4 g -5 4

So, the absolute maximum value on the interval is 5
when x = (.64 and the absolute mimmum value on
the mterval 1s —5 when x = 3.79.

y
8_
4—/\
/

0 . ,

i 2
—d
—8 4

7. a. The particle will change direction when the

velocity, s'(1), changes from positive to negative.

(1) = 16 cos 2t

Set s'(r) = 0 and solve for 7 to find any critical points.
0 = 16 cos 2t

0 = cos 2r
3
2 2
73T,
4" 4

Also, there is no given interval so it will be beneficial
to locate all solutions.

T 3ar . .
Therefore, 1 = n + wk, n + ark for some positive
integer k constitutes all solutions.
One can create a table and notice that on each side
of any value of 1. the function is increasing on one

side and decreasing on the other. So, each ¢ value is
either a maximum or a minimum.

¢ 7oy 3o am | Im
4 4 4 4
s{t) = Bsin 2t 8 -8 8 -8

The table continues in this pattern for all critical

values . So, the particle changes direction at all

critical values. That is, it changes direction for
T 3ar . e

t=oF mk, ” + mk for positive integers k.

b. From the table or-a graph, one can see that

the particle’s maximum velocity is 8 at the time

T
t = — + 7k.
4
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8. a. flx)

-2
N

b. The tangent to the curve f(x) is horizontal at the
point(s) where f'(x) is zero.

f'(x) = —sinx + cosx

Set f'(x) = 0 and solve for x to find any critical
points.
cosxy — sinxy =0

COS X = Sinx

| = sin .x
oS X
1 =tanx

T . St .
= (Note: The solution x = Hzii 1$ not in the

mterval 0 = x = 77 so 1t is not included.) When

W of 7T
x==flx)y=fl-)=\2.

T =17) =\
So. the coordinates of the point where the tangent to

i1

the curve of f(x) is horizontal is (4 \/5)

9.cscx = —— = (sinx)”’
sin x
] =
secx = ——— = (COSX)
cos X

Now, the power rule can be used to compute-the

derivates of csc x and sec x.

Y : _, d(sinx

((sinx)™') = —(sinx)™* - d(sinx)
dx

= —(sinx)7? - cos x

_ cosx
(sin x)?
(sinx)"1) = — (sin x)-2 - L)
dx
B 1 cosx
~ sinx  sinx
= —CsC ¥ col X
((cosx)™1) = ~ (cosx)"? - d(cos x)
dx
= —(cosx)"? - (—sinx)
_sinx
 (cos x)?
] sin x
T cosx cosx
= secx tan x
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10. —(—]X = —25sin 2x
dx

7}
At the point (‘6‘- ‘)
dy : T
i 2 sin (2 6)
s
= —=2sin{—
sin <3>
V3
(%)
2
-3
w1

Therefore, at the point (g~ 5)' the slope of the

il

il

. o
tangent to the curve y = cos 2x is —\/3.

11. a. The particle will change direction when the
velocity, s'(r) changes from positive to negative.
s'(t)y = 16 cos 4t

Set s’ (1) = 0 and solve for 1 to find any critical points.

0= 16cosds
0 = cos 4t
LAELANS
22
m 3m
g g

Also, there is no given interval so it wili be beneficial
to locate all solutions.

. s 3 . ..
Therefore, r = 3 + wk, 5 + wk for some-positive.

integer k constitutes all solutions.

One can create a table and notice that on each side
of any value of 1, the function is increasing on one
side and decreasing on the other. So, each ¢ value is
either a maximum or a minimum.

37 S Vi
8 8

s jooly
[0.0]

$(2) = 4 sin 4t -4 4 —4

The table continues in this pattern for all critical
values 1. So, the particle changes direction at all
critical values. That is, it changes direction for

T 37 S
r=7 + 7k, v + ok for positive integers k.
b. From the table ora graph, one can see that the
particle’s maximum velocity is 4 at the time

T
t =~ + k.

4

c. Att = 0,5 = 0, so the minimum distance from
the origin is 0. The maximum value of the sine

5-22

function is 1, so the maximum distance from the
origin is 4(1) or 4.
12.

X im X

Label the base of a triangle x and the height 4. So
cosf = ~;— = x and sin § = ? = h.

Therefore, x = cos # and i = sin 6.
The irrigation channel forms a trapezoid and the
area of a trapezoid is -@—':%b—zﬁ where b, and b, are
the bottom and top bases of the trapezoid and h is
the height.
b, =1
by=x+1+x=cosf+1+cost =2cos6 + 1
o= sind
Therefore, the area equation is given by
(2cos@ + 1+ 1)sind
A=
2

_(2cos@ + 2)sin 0

- 2

2cos@sinf + 2sinf
- 2
sinfcosf + sinf
To maximize the cross-sectional area, differentiate:

A= {sin 6} {(~sin ) +

fi

il

{CosB){cos ) + con b
= —sin’ @ + cos’ + cos f

Using-the trig-identity-sin®> 6 + cos* 6 =1, use the

fact that sin @ = 1 — cos’ 6.

A= —(1 = cos’8) + cos’ 6 + cos

—1 + cos* 8 + cos’ @ + cos

2cos’ @ + cos 61

Set A" = 0 to find the critical points.

0=2cos° 0 + cosf—1

0= (2cosh—1)(cosd + 1)

Solve the two expressions for 6.

i

Il

2cosf =1
VG _..1
(.059——‘2‘
m
3

(Note: The question only seeks an answer around
0=0= g— So, there is no need to find all solutions
by adding k= for all integer values of k.)

The area. A, when 8 = 7 is 0 s0 that answer-is
disregarded for this problem.
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When # = —

A .
A = sin - cos— + sin
J D a
V3o V3
i~ S + _____
2 2 2
V3 2V
4 4
_3V3
4

- . . . N ks
The area is maximized by the angle 6 = —.
2

13. Let O be the centre of the circle with line
segments drawn and labeled. as shown.

In AOCB, £COB = 20.

Y and = 2
Thus. 7 sin 26 and R cos 29,
soy = Rsin 26 and x = R cos 26.
The area A of AABD is

1
A = J|DBJIAC]
= Rsin 26(R + R cos 26)
= R*(sin 20 + sin 20 cos 26), where 0 <20 < 7
1A N
i{; = R(2cos 20 + 2 cos 20 cos 28
¢

+ sin 26( -2 sin 28)).
1A
We solve “= = 0
g

2cos" 26 — 2sin® 26 + 2cos26 = 0
2¢c08° 20 + cos20 — 1 =0
(Zcos20—-1)(cos26 + 1) =0

!

1
cos 260 = 5 orcos 20 = —1

20 = ul or 26 = = (not in domain).

As 28 - 0.A—-0and as 20— 7, A — 0. The

: . . . 3V3
maximum area of the triangle is —sz-
s T

when 260 = = ie. 6 = —.

3 6
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14. First find v".

v = Acoskt+ Bsin ki

vy = —kAsinki + kB cos ki

y' = —kA cos ki — k*B sin ki

So. y” + k’y

= —k*A cos kt — k*B sin ki
+ k*(A cos kt + B sin ki)

= —k?A cos kit — k?B sin kt + k*A cos ki
+ k*B sin ki

=0

Therefore, v + k=v = (.

5.5 The Derivative of y = tan x, p. 260

] o {d
1. a. & sect 3.\'<~3.\'>
dx dx
= 3sec” 3x
1y N d
b. @ 2sectx — sec 2,\"<~-~~2_r>
dx dx

= 2sec’y — 2sec2x
dy

o d X
C. = 2 tan (x‘")(“;“ tan (.\"‘))
dx

dx

dy fd N
— = 2 tan (.\"')(m tan (.\“))
dx dx
3 s d o
= 2an(x7) sec” (¥ ) —x
dx
= 6x? tan (x') sec” (x%)
7 2 d
dy 2xtan mx — x°sec” mwx PR
d' P A = Y
dx tan® wx
_ 2xtan 7x — wx’ sec’ mx
tan® mx
_ x(2tan wx ~ 7x sec’ 7x)
tan’ mx
dy s L fd d
e.—— = sec’ (.x")<-~.x*> ~ 2 tan x(—)(tan X)
dx dx dx
= 2x sec® (x?) — 2tan x sec’ x
dy _ . d
f. = = tan 5x(3 cos 3x)<-5x>
dx dx

/d
+ 3sin Sx sec? 5x(L5x>
dx

= 15 tan 5x cos 5x + 15 sin Sx sec? Sx
= 15 (tan 5x cos 5x + sin 5x sec? 5x)
2. a. The general equation for the line tangent to
the function f(x) at the point (a, b) is
y = b=f(x)(x—a)
f(x) = tanx

f(x) =sec’ x
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The equation for the line tangent to the function

f(xyatx = g isy = 2(x — %)

b. The general equation for the line tangent to the

function f(x) at the point (a, b) is
v=b=f(x)(x - a).
f(x) = 6tanx — tan 2x

; . (d
f'(x) = 6sec” x — sec” 2x(;§;2x>

f(x) = 6sec® x — 2 sec? 2x

)" 0) = {(,(»)N\ .

f (O) :\‘\Tz } i

The equation for the line tangent to the function
fixyarx =0isy = —2x.

1 , d
3.oa. 2 = sed x{sin .x)(~-~ sin x)
dx dx
= cos x sec? (sin x)
I, /g
ay P 2 af 5
y = — X = A —tan (x° — 1
- 2[tan(x” — 1)] kdx tan (x ))

= =2 [tan(x* — D)} ¥ sec? (x? ~ 1)

= —dx[tan (x’ = D] P sed? (&7 ~ 1)

dy 1 .
c. l;ﬂ = 2 tan {cos x)(;;—‘ tan (cos x))
. 2 d
= 2 tan (cos x) sec” (cos x) T Cos X
X
= —2tan (cos x) sec’ (cos x) sin x
dy d
) (tan x + cos x)(—~— tanx + cos x)
dx dx
= 2 (tan x + cos x)(sec’ x — sin x)
d 1
e. 2 = tanx (3sin? x)((— sin x) + sin’ x sec’ x
dx dx

= 3 tan x sin’ x cos x + sin® x sec? x
= sin’ x (3 tan x cos x + sin x sec? x)

1y - d
£ Vi (— tan \/;)
dx

dx

= e Vi (sec? \/E)(%\/;)

— 2\1/__ elan Vi SCC2 \/;
X
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dy

4. a. = tan x coS x + sin x sec’ x
dx
$in x .
= ——— . cOoSX + sinx - 5
cos x COS* x
. sin x
= sin x + >
CcOSs* x
d*y cos” x
—= = cos x + p
dx~ cOSs” x

d
sin x(2 cos x)(d—x cos x)

cos* x
cos® x + 2 sin’ x cos x

= cosx + 3
cos” x
1 2 sin’ x
= cosx + + 7
cos x cos’ x
2sin’ x
= COSx + secx + T
cos” x
d d
b.l = 2tanx{ —tan x
dx dx
= 2 tan x sec’ x
_2sinx 1
cosx  cosix
B 2 sin x
cos® x

4 . 4 d
d2 2 cos® x — 6sin x cos” x{—-cos x
Y dx

dx? cos® x
2 cos* x + 6sin’ x cos’ x

cos® x
2 6 sin’ x 1
7ot 2. 2
cos‘x  cos*x  costx
2sec’ x + 6 tan’ x sec’ x
= 2sec’ x(1 + 3 tan® x)
5. The slope of f(x) = sin x tan x equals zero when
the derivative equals zero.
f(x) = sinx tan x

i

f'(x) = sin x(sec’x) + tan x(cos x)

sSin x

= sin x(sec’x) + (cos x)

Cos x
= sin x(sec’x) + sin x
= sin x(sec’x + 1)
sec’x + 1 is always positive, so the derivative is 0

only when sin x = 0. So, f'(x) equals 0 when x = 0,

x =, and x = 2. The solutions can be verified
by examining the graph of the derivative function
shown below.



3_
4

6. The local maximum point occurs when the
derivative equals zero.

dy 5
—- = ) — §ec’ x
dx
2 —sectx =0
sec” x = 2
sec x = r\/ﬁ
'
X= e
dy ™

~=— = () when x = *—, so the local maximum

dx -
point occurs when.x = - Solve for y

fa

when v = T;
y = 2(3--) - tan (2>
4 4
T
_‘ 2
y = 0.57
Solve for y when x = ——Z.
o{-5)- )
’ 4 4
=T
y= 5
y = —0.57

The local maximum occurs at the point (%, 0.57).

7.y =secx + lanx

I sinx
= T
CosX  COSX
1 +sinx
oS X
dy _cos’x = (1 + sinx)(—sinx)
dx cos® x

cos’ x — (—sinx — sin’ x)

2
cos™ x
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cos’ x + sinx + sin®x

cos’ x
1+ sinx

cos’ x
The denominator is never negative. 1 + sinx >0

T kil . . . - .
for ‘”5 <x < ‘2’ since sin x reaches 1ts minimum

of —latx = g— Since the derivative of the original
function is always positive in the specified interval,
the function is always increasing in that interval.

8. When v = % y = 2tan (75)

4
=2
y' = 2sec’x
When x = %,y' =2 (sec 7:{)
=2(\/2)
=4

. . T .
So an equation for the tangent at the point x = s

r
y—2~4(,r——4~>

y—2=4x —m
~4x+y-(2~-m)=0

. sin x :
9. Write tan x = P and use the quotient rule to

derive the derivative of the tangent function.
10.y = cotx
1
tan x

dy tanx(0) — (I)sec’x

dx tan? x
—sec’ x

tan? x

-1
S X

-1
sin? x

= —csc’x

11. Using the fact from question 10 that the
derivative of cot x is —csc? x,
fi(x) = —4descx
—4 (csc x)?
) _ d(escx)
f"(x) = —8 (cscx) T
~8 (cscx) » (—cscxcotx)
= 8 csc? x cot x

y:

i

il
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Review Exercise, pp. 263~

lLa. v =0—
o -—e‘\‘
by =2 + 3¢
) aay d(2x +3)
c.y = ¢~ T ———
3 ¢ e
= Qex
voe, d(—3x% 4 5x)
d. s e 3w+ Sy D 7
> dx

= (“6\ + S)L,w?».\“'»!-i\'
ey = (e e))

= ¢ (x + 1)
o (e 1)) (¢ e
a (e + 1)
3 ()2/ + L)[ . (€Zl — el)
ey
L
B {e' + ])2
2.0 P - 100 10
dx
i’ P { 3
b“ .{_:!. — 4»‘-" . ln 4 . ,‘..,(.__Y )
dx ) dx
= 6x(43"‘”)]n 4
dV : . Ny
c.— = {(5x){5"In 5) + (5}(5)
(13(
=5-xIns+ 1)
dy P s
d. 1— = (W2 In2) + (2%)(4x7)
dx
=t 2 (xIn2 + 4)

e.y = (4x)(47)

Iy
;—-‘ = (4x)(=4""In4) + (477)(4)
X
=4-4(-xInd +1)
4 4xin4
- 4.\'

fy= (5"

ly -
o (5V)(—x7?) + (x"')(S\ﬂ “In5-

dx
= (5\/-7)(—i> + (r")(SV/; ‘In5 - *-1->
x° ’ 2Vx

- 1 Inb5
= 5Vl . o T
> ( x? 2x\/—>

3.a.—g—- 0s (2x) - ‘1(2 )+4sin(2x)-

= 6cos(2x) + 8 sin (2x)

5-26 : Chapter 5: Derivatives of Exponential and Trigonometric Functions

d(2x)
dx

b. dy _ = sec’ (3x) - d(3x)
dx

dx
= 3sec’ (3x)
c.y=(2-cosx)”!
dy -2 d(2 — cosx)
o (2 — cos x) B
B sin x
(2 - cosx)?

d. = (x )(sec (20 - 4 )) + (tan (2x)(1)

= 2x sec? (2x) + tan 2x

dy . a d(3x)>
e = (sin 2x)<e T
: (1(2)())
+ 3x ’ Iy -
(e )(cos X

= 3¢ sin 2x + 2e* cos 2x
= ¢*(3sin 2x + 2 cos 2x)

f.y = (cos(2x))?

W d(cos (26)
o 2 (cos(2x)) - dx
_ 2(cos (2x)) - ~sin (2) - (/(2r)
= —4 cos (2x) sin (2x)
4.a.f(x) =
fr(x) = (eN(=x"%) + (x7")(e")
SN T
=e\ -5+
D ¢

[ mx X
=o(=+)
Now, set f'(x) = 0 and solve for x.
0= e (— x + x° >
o

’ x? - x
Solve ¢ = 0 and —— = 0.
X
e* 1S never zero.

X’ —x
=
o
x*—x=0
x(x—1)=0

Sox=0o0orx =1.
(Note, however, that x cannot be zero because this

would cause division by zero in the original function.)

Sox = 1.
b. The function has a horizontal tangent at (1, ¢).



Lo d{(—2x ,
(A')(e"““ fi‘*\—)) + (e7™)(1)
dx
= ~Jxe H 4 e
= e M(=2x + 1)

VA T
f(z)_e ( 2 2+1>

=e¢ =1+ 1)
=0
b. This means that the slope of the tangent to f(x)
at the point with x-coordinate 3 is 0.
6.a.y = (x)(e") + (e")(1) — '
fed _x(}"‘
V= (x)(eh) + (e)(1)
= ye' + ¢
=e'(x + 1)
= (x)(10e'™) + (') (1)
= 10xe'" + ¢!
"= (10x)(10e') + (e'™)(10) + 10e'™
100xe'™ + 10e'™ + 10e™
= 100xe!™ + 20e'™
= 20e'"{5x + 1)

W
»
>
—
o
p—
0

i

&
i

S
1.

i

et -1
7.y = ;3;*:“1
dy _2e7(e™ + 1) — (€M = 1)(2e™)
dx (eX + 1)
C2eM 20 = 2eM + 2™
B (e¥ -+ 1)
e
ey
Now. 1 — yl=1 - (,L:?‘,Zf_:_il
' - (e + 1)
e 2eP 4 - et 427 -1
a (e* + 1)?
4e* dy

= (32.\' + 1)2 = Z
8. The slope of the required tangent line is 3.

The slope at any point on the curve is given by
dy

dx = 1+ e
To find the point(s) on the curve where the tangent
has slope 3, we solve:

1 +e =3
et =2
-x=1In2
x=—-In2.

The point of contact of the tangent is
(=In2.~In2 - 2).
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The equation of the tangent line is
y+In2+2=3x+In2)or
3x—y+2In2~-2=0.

9. When x = g

N v, o T v
y = f(x) ?f(;) = 58111(5) =5 =3
"= f(x) = (x)(cosx) + (sinx)(l)

xcosx + sinx

f,<7r> T oos ™ 4 sin T
R ~ 4+ gin—
2 2C52 )

ki
—(0) +
~(0) + 1

<
il

Il

i

= ]
So an equation for the tangent at the pointx = - is

T 1<X_%>

=x —

1)

SEE!

y -

=X

—x+y=0
10.f s(1) = PUEL the function describing
an object’s position at time ¢, then v(1) = s'(1) is
the function describing the object’s velocity at
time 1. So
v(t) = s'(1)
(3 + cos2t)(cost) — (sint)(—2sin2r)
a (3 + cos 21)?

o(z)- 3+ cos2- F)feos ]

(3 + cos2 - %)2

4
. m . ’ITV
(sm —4*)(—2 sin 2 - Z)

- YN

sin t

(3 + 0)?
_3\{5+ 2
- 9
C3V2+ 22 ]
- 2 9
_5\/2
T
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R R . . T .
So, the object’s velocity at time t = 718

52
18

= {).3928 metres per unit of time.

11. a. The question asks for the time 1 when
N'(t) = 0.
N(1) = 60000 + 2000te™®

N'(1) =0+ (20001)(~—2—16e"ﬁ»> + (e7%)(2000)

—100te™* + 2000e ™%
= 100e *(—t + 20)
Set N'(t) = 0 and solve for 1.
0 = 100e%(—1 + 20)
100e ™™ is never equal to zero.
—1+20=0
20 =1
Therefore, the rate of change of the number of
bacteria is equal to zero when time t = 20.

Il

fi

b. The question asks for i’f— = M'() when = 10.
That is, it asks for M'(10).
M(1) = (N + 1000)

1 _ d{(N + 1000)
M'{t) = =(N + 1000)7% - —— —
(1) =3¢ ) o
__ AN
3(N + 1000)  dt
From part a., (% = N'(1) = 100e (-1 + 20) and

N(t) = 60000 + 2000te™%
So M'(1) = 100e™(~1 + 20)
3(N + 1000)

First calculate N(10).
N(10) = 60000 + 2000(10)e™*
60000 + 20000e~*
= 72131 .
, _ 100e™(—-10 + 20)
So M'(10) = 5510y + 1000)!

_100e73(10)

3(72131 + 1000)’

L 606.53

5246.33

= 0.1156
So, after 10 days, about 0.1156 mice are infected
per day. Essentially, almost 0 mice are infected per
day when 1 = 10.
12.a.c (1) =17 ¢,(0) =0

Ay =e " —~te”’
= e (1 —1)

il

Il

Since ¢ > O forall 1, ¢,(1) = O whenr = 1.
Since ¢, (1) > O for 0 = r < I, and ¢/(r) < 0 for all

1 > 1, ¢,(1) has a maximum value 01‘% = (1.368
atr = 1h.
(1) = e e, (0) =0
(1) = 2te™" — e
=12 1)
(1) = 0whentr=0or1=2.
Since ¢, (1) > 0 for 0 <1 < 2 and ¢,y (1) < 0 for all

. 4
t > 2, ¢,{t) has a maximum value of o= 0.541 at

t = 2 h. The larger concentration occurs for
medicine ¢,.
b. ¢,(0.5) = 0.303

;(0.5) = 0.152
In the first half-hour, the concentration of ¢,
increases from O to 0.303, and that of ¢, increases
from 0 to 0.152. Thus, ¢, has the larger concentration
over this interval.
13.a.y = (2 + 3e™)°

Vo= 3(2 + 370 + 3¢ (—1)]
=3(2 + 3e ) (—3e)

= —9¢7(2 + 3¢

by = x’
yl — ex(' i
c.y=¢e'
3= e (e
X+ e

dy=(1-e")

y' =501 =)0 = ™(5)]
- "2565"(1 _ 65.\’)4
14.a.y = 5°
y =5"1In5
b.y = (047)
y = (0.47)Y In(0.47)
c.y=(52)*
y = (52)*(2)1n 52
=2(52)*In 52
d.y = 5(2)
Yy =52 1In2
e.y = 4e'
y =4e"(1)Ine
= 4e*
f.y = -2(10)*
y' = —2(3)10*In 10
= —6(10)*1n 10
d(2%)

15.a.y' = 2%
a.y' = cos i

= 2"In 2 cos 2"
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b.y = (x*)(cosx) + (sinx)(2x)
= x?cosx + 2x sinx

c.y' = cos (77 ) dz — x)
LY = : — X o e B
) 2 dx

o <1t _ )
= $ 2 .\

= (cos x)(cos x) + (sinx)(—sinx)
= cos’x — sin’x
e.y = (cosx)’

d.y

d{cos x)
dx
~2 cos x Sin x
f.y = cosx (sinx)’
y' = (cosx)(2 (sin x)(cos x)) + (sinx)*(—sinx)
= 2sinx cos’ x — sinx

'

)/

2(cos x) -

it

1y i
16. Compute % when x = ;T to find the slope of the
e
line at the given point.
y = —sinx B

So, at the point x = 5.y = f'(x)is

()= (2) -

Therefore, an equation of the line tangent to the
curve at the given point is

s
- 0= —1l x — —
) <‘ 2)

n kn
)= —x + —
) 2
aw
x+y-—=—=190
vty -3
17. The velocity of the object at any
time risv = fif.
dt
Thus, v = 8 (cos (1071))(107)
= 807 cos (10m1).
. . . dv  ds
The acceleration at any time 18 a = poilirs 2
Hence, a = 80w (—sin (10mt))(107) =
— 80077 sin (10m1).
d%s
Now, =5 + 10077
= — 80077 sin (1071)

+ 1007%(8 sin (10mr1)) = 0.
18. Since s = 5cos (21 + z)

47
_ds

(e 3)

V—(I't
T
= ~-10sin{ 2t + —
(o 7)

Calculus and Vectors Solutions Manual

il

and qg = £?~ = -10 (cos (21 + g))

dt
= —20 cos (21 + 3).
4

The maximum values of the displacement,
velocity, and acceleration are 5. 10, and 20,
respectively.

ki
19. Let the base angle be 8. 0 < 6 < ~. and let the
sides of the triangle have lengths x and y, as shown.
Let the perimeter of the triangle be P cm.

X v .
Now, = = cosfand = = sin 6
12 12

sox = 12cosfandy = 12sin 6.
Therefore, P = 12 + 12 cos 6 + 12 sin 6 and

1P .
(7(; = —12smb + 12 cosb.
It
For critical values, —12sin @ + 12cos 8 = O
sinf = cos 6
tanf = 1
G*Z,since()<6<g.
- 12 12
When6=Z,P=12+“\7§+ 5
24
12 + —=
V2

12 + 12\/2.

As@-—-0",cosf—1,sinf—0, and
P—-12+ 12+ 0 =24,

As()—»%,cose—%o, sin § — 1 and
P—12+ 0+ 12 =24,
Therefore, the maximum value of the perimeter is

i

12 + 12V2 cm, and occurs when the other two

T
angles are each ‘Z rad, or 45°.

20. Let [ be the length of the ladder, 8 be the angle
between the foot of the ladder and the ground, and x
be the distance of the foot of the ladder from the
fence, as shown.

x + 1 1.5
Thus, = cos 0 andT = tan #
1.5
x+ 1 =171cos8 where x = —.
tan #
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wall

b 1
. 1.5
Replacing x, e T I =1/lcosb
1.5
[= =" —— <p<
smé  cosf 2
ﬁ[_ _ 1.5cos 6 s 6
a0 sin’ @ cos’ 6

—1.5cos’ 8 + sin' @
sin® ¢ cos® #

i

.odl ,

Sol‘vmg e ()~yle}d.s.
sint @ — 1.5cos’ 6 = 0

tan® @ = 1.5

tanf = V15

# = 0.46365.

The length of the ladder corresponding to this value
of Bis!=45m. As 6 — 0" and ~'—T7—~, [ increases
without bound. Therefore, the shortest ladder that
goes over the fence and reaches the wall has a
length of 4.5 m.
21. The longest pole that can fit around the corner is
determined by the minimum value of x + y. Thus,
we need to find the minimum value of [ = x + y.

. 0.8 . 1
From the diagram, ~ = sin # and T = cos 6.
1 0.8 "
Thus, [ = cosh + e 0=6=< 5
dl_1sin§ 0.8cosf
dé  cos’# sin’ §

_08sin' 8 — cos* 6
cos’ § sin® 6

5-30

Solving % = 0 yields:
0.8sin’ 6 — cos* 6 = 0

tan* 9 = 125

tan § = V1.25

tan 6 = 1.0077

6 = 0.822.
0.8 ]
cos (0.822)  sin (0.822) =25

When 6 = 0, the longest possible pole would have a
length of 0.8 m. When 8 = -72: the longest possible

Now, [ =

pole would have a length of I m. Therefore, the
longest pole that can be carried horizontally around
the corner is one of length 2.5 m.
22. We want to find the value of x that maximizes 6.
Let LZADC = aand £LBDC = .
Thus, 8 = o — B
tan & = tan(a — B)
_lana —tan
1+ tanatanp

6 B 3 C

[ 3

[44

\B

D

O 2

From the diagram, tan o = ~and tan B = x
9 3

X x

Hence, tan § = ——35

27

1+ =

We differentiate implicitly with respect to x:
d9  6(x* +27) = 6x(2x)

dx (x* + 27)?

dg 162 — 6x7

dx  sed B(x? + 27)

ec’ 9

Solving Zg = () yields:
162 — 6x2 = ()
X’ =27

=33
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23.a.f(x) = 4 (sin (x ~ 2))°
f(x)=8sin{x — 2)cos (x — 2)
f7(x) = (8sin (x — 2)(—sin (x = 2))
+ (cos (x — 2))(8cos (x — 2))
~8sin® (x — 2) + 8cos? (x — 2)
b. f(x) = (2 cos x)(sec x)’
f(x) = (2cosx)(2secx - secxtany)
+ (secx)?( = 2sinx)
= (4 cos x)(sec’ x tan x) — 2 sin x (sec x)’
Using the product rule multiple times,
f7(x) = (4cos .x)[sec3 X - sectx

il

i

+ tanx (2 sec.x - sec x tan x)}

+ (sec’x tan x)(—4 sin x)
+ (—2sinx)(2secx - secxytanx)
+ (secx)*(=2cos x)
= 4 cosx sec’ x + 8 cos x tan® x sec’ x
— 4 sin x tan x sec’ x — 4 sin x tan v sec’x
=~ 2 ¢os x secx
= 4 cosxsec’y + 8cos.xtan’xsec? x
— 8sinx tan x sec’x — 2 COS X seC” x

Chapter 5 Test, p. 266

La y=¢

dv dpe-2¥
—= = —dxe "
dy
b,y = 3w
1y 22
o3 n 3 (2r + 3)
dx
e 4 o™
cy=o T -
..‘ 2
dy 1
P _]’363.\‘ - 3,«3.\'
dy 20 )
3.
= Zlp¥ M
ol )
d.y = 2sinx — 3cos Sx
1y ;
Y 29 cos x = 3(~sin 5¢)(5)
dx

=2 cosx + 15sin 5x
e.y = sin® (x°)
1y s s 5
X 2 36in? (1) (cos (x7)(2x))
dx
= 6 sin? (x?) cos (x?)
f.y=tanV1 - x
dy , 1 1 ) .
— = gec? e I = | (=]
dx see = (2 V1-x (=D
sec? V1 — x

B 2\/1. - X
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2. The given lineis —6x + y = 2ory = 6x + 2, 50
the slope 1s 6.

y = 2e™
dy -
—= = 2¢™(3)
dx

— 663,\

In order for the tangent line to be parallel to the
given line, the derivative has to equal 6 at the
tangent point.

6™ = 6
et =1
v =10

Whenx =0,y = 2.

The equation of the tangent line is y ~ 2 = 6(x ~ ()
or —6x + y = 2. The tangent line is the given line.
Jy=¢" +sinx

dy
dx

dy .

When x = 0, ;7 = 1 + 1 or 2, so the slope of the
tangent line at (0, 1) 1s 2.
The equation of the tangent line at (0, 1) is
y—1=2(x~0)or ~2x +y= 1
4. v(1) = 10e™
a.a(t) = v (1) = —=10ke ¥

= —k(10e7*)

= —kv(1)
Thus, the acceleration is a constant multiple of the
velocity. As the velocity of the particle decreases,
the acceleration increases by a factor of k.
b. Attimet = 0,v = 10 cm/s.
¢. When v = 5. we have 10¢ ¥ = 5

= ¢' + cosx

-~-k1_]
=3
—kf:ln<l>= ~In 2
2
_In2
[—T.

2
After mT“ s have elapsed, the velocity of the particle

is 5 cm/s. The acceleration of the particle is — 5k at
this time.
5.a. f(x) = (cos x)?
o _ o d(cos x)
f'(x) =2 (cosx) RV
=2 (cosx) - (—sinx)
= —2sinxcosx
(=2sinx)(—sinx) + (cosx)(—2cosx)
= 2sin’x — 2 cos’ x
= 2 (sin®x — cos® x)

I

£ (x)
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b. f(x) = cos x cot x
f(x) = (cosx)(~csc’ x) + (cotx)(—sinx)

1 COS X
= —COSX *—/T—5— — T *SInx
sin” x sin x
cos X 1
= CT— — COS X
sinx  sinx

= —cotxcscxy — Ccosx
frx) =
(—cotx)(—cscxcotx) + (cscx)(esc’ x) + sin x
= cscx cot’ x + csc x + sin x
6. f(x) = (sinx)’
To find the absolute extreme values, first find the
derivative, set it equal to zero, and solve for x.

, _ . _d(sinx)
f{x)=2(sinx) T
= 2 $In x COS x
= sin 2x
Now set f'(x) = 0 and solve for x.
0 = sin 2x
2x =0, m, 27

T, )
x = {), Z 7 in the interval 0 = x = 7.

Evaluate f(x) at the critical numbers, including the
endpoints of the interval.

* 0

ks

K
2z
1

{(x) = (sinx) 0 0

So, the zabsrtl?!ute maximum value on the interval is |
when x = 5 and the-absolute-minimum value-on-
the interval is 0 when x = 0 and x = 7.
Ty = flx) = 5
Find the derivative, f'(x), and evaluate the
derivative at x = 2 to find the slope of the tangent
when x = 2.
f'(x)=5"1In5
f(2) =515
=25In5
= 40.24

8.y =xe" + 3¢*
To find the maximum and minimum values, first
find the derivative, set it equal to zero, and solve
for x.
y'=(x)(eh) + (e)(1) + 3e*

= xe' + e' + 3e*

3

= xe* + 4e'

= e¢'(x + 4)
Now set y’ = (0 and solve for x.
0=e'(x+4)
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Ry

e* 1s never equal 10 zero.

(x +4)=0
Sox = —4.
Therefore, the critical value is —4.

Interval e*{x + 4)

X < =4 -

—4 < x +

So f(x) is decreasing on the left of x = —4 and
increasing on the right of x = —4. Therefore, the

1
5 |. There

function has a minimum value at i
1$ no maximum value.
9. f(x) = 2 cos x — sin 2x
So, f(x) = 2 cosx — 2sin x cos x.
a. f'(x) = =2sinxy — (2sinx)(—sinx)
— (cos x)(2 cos x)
= —2sinx + 2sin°x — 2 cos’ x
Set f'(x) = 0to solve for the critical values.
—-2sinx + 2sinx — 2costx =0
=2sinx + 2sin®x = 2(1 ~ sin®x) = 0
—2sinx + 2sinx — 2 + 2sin°x = 0
4sinx — 2sinxy — 2 =0
(2sinx + 1)(2sinx —2) =90
2sinxy + 1= 0and2sinx — 2 =0
So, sinx = —3.

—4, -

. , e . o S
In the given interval, this occurs when x = i iars

i 6 ;
Also, sina = 1.

. . . s
In the given interval, this occurs when x = 5

Therefore,-on-the given interval; the-critical

. T i
numbers for f(x) are x = — et
b. To determine the intervals where f(x) is increasing
and where f(x) is decreasing, find the slope of f(x)
in the intervals between the endpoints and the critical

numbers. To do this, it helps to make a table.

x slope of f(x)
_ S5
— S X -
6
LA +
6 ~ 6
m T
—— g -
6 2
2 =7

So, f(x) is increasing on the interval
S ™ . .
—% <x<—¢and f(x) is decreasing on the
. Sar
intervals —m = x < — 6

e
and——()‘<x<7r.

Chapter 5: Derivatives of Exponential and Trigonometric Functions



¢. From the table in part b., it can be seen that there is
. . T
a local maximum at the point where x = —— and

there is a local minimum at the point where x = — -

d.

6 o
5m

4

Cumulative Review of Calculus

1. a. f(x)

m

b. f(x) =

m =

=3 +4dx - 5
_ o flat h) = fa)

hs) h

. f(2+h)—15
= Iim —————
st} h

324+ h)yP+4@2+h)y-5-15
= Jim
hl) h
12+ 12h + 3R+ 8+ 4h — 20
= Iim
B} h
3h? + 16h
= hm —
Jr-3(} h

= lim3h + 16
hst)

= 16
2

x —1

L fla s h) = fa)
B0 h

. f2+h)y =2
mise 2 2

=0 h

2 20+ h)
.1+ h 1+ h
lim
B0 h
2-2(1 +h)

h(l +h)
lim ~2h
oo (1 + )

h—0)

Calculus and Vectors Solutions Manual

o

= im ———
hs01 + h

= -7
. flx)=Vx+3
. fla+h) - fla)
= Iim

—st) h
o flte+ h) -3
= hm ———
) h
o Vh+9-3
= hm ———
It} h__
- i (Vh+9-=-3(Vh+9+3)
T h(VI + 9 + 3)
. h+9-9
g m ——
h]—w h(Vh + 9+ 3)
= hm 4
RNV 9 1 3)
1
g l 1 ——————— T “A -
o (VI T 9+ 3)
_ !
6
d. f(x) = 2°
o fla+ h) ~ fla)
m = lim~
fr—s0) h
25(] . 32
= jm ———
Sl h
280~ 32
= im — -
Jr—0) h
322" -1
= lim e
) h
5 25/1 -
= 32 him —(-m——-]~)~
=0 Sh
) (2511 - 1)
= 160 lm —————=
0 im =,
=-160"1In 2_

change in distance

2. a. average velocity =

_s(n) — s(n)

change in time

L, =t
_ [2(42)2 +3(4) + 1] - [(2(1)° + 3(1) + 1)]
4 -1
_45-6
3
=13 m/s

b. instantaneous velocity = slope of the tangent

o osla+ h) = s(a)
m = lm
h—0 h

5-33



s(3+ 1) — 5(3)

= hm

i) l7
. [23+ Y + 33+ h) + 1
= lim
Ji—0) h
B (2(3)" + 3(3) + 1)
h
18+ 12h+ 2P+ 9+ 3+ 1 - 28
= Jim
heah h
B Jill + 2h?
0 h
= lim (15 + 2h)
h-t)
=15 m/s
+h) - fi
3. m = lim flat+h) - fla)
hst) h
. (4+h) - 64 . ftd+ hy — f(4)
hm —— = lim
D) h I h
(4 + h) — 64 = fla + h)y - f(4)

Therefore, f(x) = x*.

4. a. Average rate of change in distance with respect

10 time is average velocity, so

. sy} — s(ty)

average velocity = ——=—-——2ot
L4

_s(3) — (1)
31
4.9(3) — 4.9(1)
31
19.6 m/s
b. instantaneous rate of change in distance with
respect to time = slope of the tangent.

fla+ ) - fla)

= |
m "133) P
2 + h) —
2 - 12)
>0 h
492 + h)* — 4. 2
~ lim W2+ h) 4.9(2)
I1—0 h
. 19.6 + 19.6h + 4.9k — 19.6
= lim
h—0 h
. 19.6h + 4942
= lm ——
h—0 h
= lim 19.6 + 4.9h
h—0
= 19.6 m/s

c. First, we need to determine 7 for the given
distance:

146.9 = 4.9
29.98 = 2
5475 = ¢

Now use the slope of the tangent to determine the
instantaneous velocity for r = 5.475:
f(5.475 + h) ~ f(5.475)

m = him"

h—0 h

. 4.9(5475 + h)? - 4.9(5.475)*
= lim

S} h

146.9 + 53.655h + 4.9h% — 146.9

= him

h—b) h

. 53.655h + 4.94°
= lim

Ji—s() h
= lim [53.655 + 4.9h]

fr-={)

= 53.655 m/s
5. a. Average rate of population change

_ p(n) = p(n)

L1
C2(8)2 4 3(8) + 1 — (2(0) + 3(0) + 1)
B 8 — 0
128424411
- 8~ 0

i

19 thousand fish/year
b. Instantaneous rate of population-change

- lim plt+ h)— po)

=) h
. p(S+h) - pi(5)
= |im
=0 h
C [2(5+ Y+ 3(5 + i) + 1
= lim :
H0) h
L QG5) +305) + 1]
h |
50+ 200+ 2R+ 154+ 3h + 1 - 66
= lim
h—(} /’I
_ 2hP 4+ 23h
= hm ———
hs0 h
= lim2h + 23
h—s{)

= 23 thousand fish/year
6.a.i. f(2) = 3
ii. lim f(x) =1
iii. lim f(x) = 3

Xl

iv. lim f(x) = 2

A6

b. No, lim f(x) does not exist. In order for the limit
X4

to exist, lim f(x) and lim f(x) must exist and they
—rd x—34"

X

must be equal. In this case, lim f(x) = =, but
x4

lim f(x) = —<=<, 50 lim f(x) does not exist.
y—>d4” x—4
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7. f(x) is discontinuous at x = 2. lim f(x) = 5, but . VY + 4 - VE -y

. Im -
lim f(x) = 3. X0 X
¥=2 lim (Vi +4—-Vd—x)(Vx+4+ V4 - x)
.2 2 = i
8. a. lim N 20 + 1 x>0 r(Vx+4+ V4 - x)
v X — 5 0 -5 x+4—(4-x)
= lim
:_l \Ln)(\/r+4 + V4 - x)
5 2
x =3 = lim Al
b. hm T3 -0 x (Ve + 4+ V4 —x)
X3 - 2
-3 Vx+6+3 =1
:h v )(Vx ) \m?)(\/\+4+V4~\)
s (Vi +6 = 3)(Vx + 6+ 3) |
. (.x~3)(\/_\+6+3) - -
= lim 2
v—+3 x+6-9 N 2 i
(- 3)(VAF6+3) 9.a.f(.x)~3,x +x+ 1
= lim x-3 £ (x) = tim LOE ) 1)
=limVy+6+3 . =0 h ,
a3 3+ )y (xR +
= 6 = lim
| | B0 | h
o i 3 sz__i_*_iﬂ}
v -3 X T 3 B h
x+ 3. i 3x2 + 6hx + 607 + x4+ b
rre =.lim
= lim —2— ( heat) | h
i + 3 . 1= 3x7 - x - l}
+ R T
= lim ——— h
a3 4 3) 6hx + 6h + h
1 = lim —————
- hm el B h
1”* = lim 6x + 6h + 1
J1—0
=3 . = 6x + 1
d. lim ————— b. f(x) = ~
=2 X7 X 2 ’ . .
o (- 2) ) = tim L) = 1)
-2 (X + (x — 2) ’ h—0 h
lim 2 i
.\l.+2 x + 1 B },I_TJ h
_ 4 lim x— (x + h)
= |1m e e
3 , 30 h(x)(x + h)
e. lim -’r} ~ g = lim —h
At 5 n0 h(x)(x + h)
I T T 3 = lim ———
“’7(‘"1)(\ + 20+ 4) h—-0 x(x + h)
= lim— -1
o2 x4 2x + 4 T e
= L 10. a. T() determine the derivative, use the power rule:
12 y=x>—4x? + 5x + 2
1y
Y o3k -8+ S
1x
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b. To determine the derivative, use the chain rule:

y = \/2?(3 + 1
dy _ )
6 4
dx 2\f +1 )
3x?

V20 11

c. To determine the derivative, use the quotient rule:

- 2x
YT IE3
dy 2(x +3) - 2x
dx  (x +3)
_ 6
C(x +3)?

d. To determine the derivative, use the product rule:

y= (X2 +3)P4x° + Sx + 1)

, =
Ty = 2(x" + 3)(20)(4x” + 5x + 1)
+ (- 37(20x* + 5)
= dx(x? + 3)(4x° + Sy + 1)

+ (x? + 3)2(20x* + 5)

e. To determine the derivative, use the quotient rule:

(4x% + 1)°

(3x - 2y
dy  5(4x° + 1)"(8x)(3x — 2)°
dx (3x — 2)°
3(3x —~ 2)2(3)(4x + 1)
- (3x — 2)°

(4x? + 1)"(3x ~ 2)?
y 40x(3x ~ 2) — 9(4x? + 1)

It

(3x — 2)°
_ (47 + 1)*(120x? = 80x — 36x2 — 9)
B (3x - 2)*
_ (437 + 1)*(84x2 - 80x — 9)
- (3x — 2)*

fy=[x+ (2x+ 1)
Use the chain rule

Z—i = 50 + (2x + 1)"P[2x + 6(2x + 17
11. To determine the equation of the tangent line,
we need to determine its slope at the point (1,2).
To do this, determine the derivative of y and
evaluate for x = 1:

18
(x + 2)
= 18(x +2)7?

;] =
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dy _ ~36(x + 2)°7
dx
— —~3_6.;_.___
(x4 2)
=36
TR T2)
_ 36 _ -4
27 3

Since we have a given point and we know the slope,
use point-slope form to write the equation of the
tangent line:

y—=2= —w(x = 1)
3y~6——4¥+4
dx + 3y - 10=0
12. The intersection point of the two curves
occurs when

X2+ 9¢ + 9 = 3y
X4+ 6r+9=0
(x + 32 =0

x = -3
Ata pomt x, the slope of the line tangent to the
curve y = x> + 9x + G is given by

dv d

= S+ 9+ 9

dy  dx PG )
= 2x + 0,

Atx = =3 thisslope is 2(—3) + 9 = 3.
1.,
13. 0. p'(1) = ;%(2# + 61 + 1100)

=41+ 6
b. 1990 is 10 years after 1980, so the rate of change
of population in 1990 corresponds to the value

p'(10) = 4(10) + 6

= 46 people per year.
¢. The rate of change of the population will be 110
people per year when
4t +6=110
t =26

This corresponds to 26 years after 1980, which is
the year 2006.

d
4.a.f(x) = T(x =57+ x + 12)

ax

=5t = 15x% + 1

d
J'(x) = —(5x* = 1522 + 1)
dx
= 20x3 — 30x
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b. f(x) can be rewritten as f(x) = —2x"?

f(x)

il

e . f) - :7
dx (=27

= 4y~
4

X 3

{
170 = o)

dx
= - 12y
12

x?

¢. f(x) can be rewritten as f(x) = 4x =

[ i
) = ()

= *2‘\";
2

Vi
Frx) = ——(-2x7)
dx )

= 3x
_3

: V'

d. flx) can be rewritten as f(x) = x* — x

Fi) = S =
= 4y’ 4

-4

X wJ)

= 4)1’3 + _{_;

I

!

|
=
~a

I (x)

= 12x% = 20x"°

, 2
= 12x‘——9

x(v
15. Extreme values of a function on an interval will

only occur at the endpoints of the interval or at a
critical point of the function.

i )
a.f/(x) = ;;;(1 + (x +3))

=2(x +3)

The only place where f'(x) = 0 is atx = —3, but
that point is outside of the interval in question. The
extreme values therefore occur at the endpoints of
the interval:
f(=2)=1+(-2+3)72=2

f(6) =1+ (6+3) =82
The maximum value is 82, and the minimum
value is 6

Calculus and Vectors Solutions Manual

b. f(x) can be rewritten as f(x) = x + X7
1

1
)= _;”(.\‘ +x7Y)

(ax

i
+
|
|

=1 - ——

On this interval, x = 1, so the fraction on the right
is always less than or equal to 3. This means that
f7(x) > 0 on this interval and so the extreme values
occur at the endpoints.

) =1+ =2
(9) =9 4 L — gl
19 =9+ 5 = 93

The maximum value is 9%, and the minimum
value 15 2.

f’ ‘ ___L,‘(Jv\ )
e fix) = dx\1 + ¢

(1 +e)(e") = (e")(e)

(1+ ey

el

(1 + ey’
Since e* is never equal to zero, f'(x) is never zero,
and so the extreme values occur at the endpoints of

the interval.
0

z

e 1
O =73573

4
e
(4 =
1(4) 1+ ¢ .
. . (4 ..
The maximum value is 7=, and the minimum
value is 3.
d :
d. f'(x) = —1—(2 sin (4x) + 3)
ax
= 8 cos (4x)
. . . . . - T
Cosine is 0 when its argument is a multiple of 5
3w
or .

37
4x = g + 2k ordx = % + 2k

v

Tr 37
T2

w
v= 0 Ty
TR 2

ince xel 7 3w Sm Im
Since xe[0, 7], x = 5. 5. 7§

Also test the function at the endpoints of the interval.
f(0) =2sin0 +3 =73
f(%) = 2sin~g~ +3=5
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fr)y=2sin(4m) +3=3
The maximum value is 5, and the minimum
value is 1.
16. a. The velocity of the particle is given by
v(r) = s'(1)
_d s 2
= d1(31 40.57 + 1621)
=97 — 811 + 162.
The acceleration is

a(t) = v'(1)
P
= (92 — 811 + 162)
di

= 181 — 81
b. The object is stationary when v(r) = 0:
N - Blr+ 162 =0
9(r ~6)(t ~3)=0
t=6ort=3
The object is advancing when v(r) > 0 and retreating
when v(r) < 0. Since v(r) is the product of two
linear factors, its sign can be determined using the
signs of the factors:

tvalues t-3 £t~ 6 v{t) Object
0<t<3 <0 <0 >0 Advancing
3<i<6 =0 <0 <0 Retreating
6<t<8§ >0 >0 >0 Advancing

¢. The velocity of the object is unchanging when the
acceleration is 0; that is, when
a(t) =18t - 81 =90
t=45
d. The object is decelerating when a(r) < 0, which
occurs when
18t — 81 <0
0=r<45
e. The object is accelerating when a(r) > 0, which
occurs when
18t = 81 >0
45<t=8
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17.

!

Let the length and width of the field be / and w, as
shown. The total amount of fencing used is then
21 + 5Sw. Since there is 750 m of fencing available,
this gives

20 + 5w = 750

1“375—é
= 3/5 2W

The total area of the pens is
A =lw

375 3,2
= 3IOW — WS
2

The maximum value of this area can be found by
expressing A as a function of w and examining its
derivative to determine critical points.

A(w) = 375w ~ 3w?, which is defined for 0 = w
and 0 = /. Since I = 375 — 3w, 0 < / gives the
restriction w = 150. The maximum area is therefore
the maximum value of the function A(w) on the
interval 0 = w = 150.

‘l :
A(w) = ;{;(3751«' - -Z-n “>
= 375 — 5w

Setting A'(w) = 0 shows that w = 75 is the oniy
critical point of the function. The only values of
interest-are-therefore:

A(0) = 375(0) ~ —2—(0)2 =0
A(75) = 375(75) ~ :25—(75)2 = 14 062.5

5 -~
A(150) = 375(150) = S(150)* = 0

The maximum area is 14 062.5 m?2
18.

Let the height and radius of the can be / and r, as
shown. The total volume of the can is then 7r2h.

The volume of the can is also give at 500 mL, so

ar*h = 500

500

2
ar

h
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The total surface axux of the can 1s

A = 2mrh + 25
1000 )
puniit ] ’n‘,‘“

;

The minimum value of this surface area can be
tound by expressing A as a function of r and
examining its derivative to determine critical points.

1() )( . . . L

A(r) = ~— + 27", which is defined for 0 < r and
- 500

0 < fh. Since h = o {0 < h gives no additional

restriction on . The maximum area is therefore the
maximum value of the function A () on the interval

0<r

, d [ 1000 R
Al(r) = {1/ “"';"'“ + 27r”

= =+ 4y
The critical p’oims of A(r) can be found by setting
mm:w
k 000 o 0
dorr? = 1('()‘

yo= \V H))Q = 4 ,3 cm

So r = 4.3 cm-is the only critical point of the
function. This éivex‘ the value

1= s = 8.6 cm,

Let the radius be r and the height /1.
Minimize the cost:
C = 277 (0.005) + 27rh(0.0025)
V= mrh = 4000

4000

00
C(r) = 2ar*(0.005) + 27r <__..,_>(() 0025)

20)

= 0.01mr’ + - 1=r=36
20
C'(r)=0027r — T

For a maximum or minimum value, let C'(r) = (.

"
0.027r = 22 = 0

=
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o=

0.027
r= 6.3
Using the max min algorithm:
C(1) = 20.03. C(6.8) = 4.39, C(306) = 41.27.
The dimensions for the cheapest container are a
radius of 6.8 ¢m and a height of 27.5 cm.
20. a. Let the length, width. and depth be /. w. and
d. respectively. Then. the given information is that
[ = x,w = x, and
I+ w -+ d =140
2v + d = 140
= 140 ~ 2x
b. The volume of the box is V' = fwh. Substituting
in the values from part a. gives
Vo= (x)(x)(140 — 2x)
= 14007 = 2¢°
In order for the dimensions of the box to make sense.
the inequalities / = 0. w = 0. and /1 = 0 must be
satisfied. The first two give x = (. the third requires

. Substituting gives

x = 70. The maximum volume is therefore the

maximum value of V(x) = 140x* = 2x* on the
interval 0 = x = 70. which can be found by
determining the critical points of the derivative V' (x).
d
(140x7 — 217)

Vo =4,

= 280x — 6x°
2x(140 — 3x)
Setting V'(x) = 0 shows that x = 0 and

il

X o= e = 46.7 are the critical points of the function.

The maximum value therefore occurs-at one of these
points or at one of the endpoints of the interval:
V(0) = 140(0)* — 2(0) = 0
V(46.7) = 140(46.7)° — 2(46.7)" =
V(0) = 140(70) — 2(70)* = 0
So the maximum volume is 101 629.5 cm?, from a
box with length and width 46.7 cm and depth
140 — 2(46.7) = 46.6 cm.
21. The revenue function is
R(x) = x(50 — x%)
= S0x — x". Its maximum for x = 0 can be
found by examining its derivative to determine
critical points.

d .
R'(x) = E(SUX - x

= 50 — 3x?
The critical points can be found by setting R'(x) = O
50 -3x*=0

101 629.5
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Only the positive root is of interest since the number
of MP3 players sold must be positive. The number
must also be an integer, so both x = 4andx = 5
must be tested to see which is larger.
R(4) = 50(4) — 4* = 136
R(4) = 50(5) — 5* = 125
So the maximum possible revenue is $136, coming
from a sale of 4 MP3 players.
22. Let x be the fare, and p(x) be the number of
passengers per year. The given information shows
that p is a linear function of x such that an increase
of 10 in x results in a decrease of 1000 in p. This
means that the slope of the line described by p(x) is
= 100, Using the initial point given,
p(x) = —100(x — 50) + 10 000
—100x + 15000
The revenue function can now be written:
R(x) = xp(x)

= x(—100x + 15000)
15 000x — 100x?
Its maximum for x = 0 can be found by examining
its derivative to determine critical points.

. 1 N
R'(x) -(;;(15 000x — 100x2)

15000 - 200x

Setting R'(x) = 0 shows that x = 75 is the only
critical point of the function. The problem states
that only 510 increases in fare are possible, however,
so the two nearest must be tried to determine the
maximum-possible revenue:

R(70) = 15000(70) — 100(70)* = 560 000
R(80) = 15000(80) — 100(80) = 560 000

So the maximum possible revenue is $560 000,
which can be achieved by a fare of either $70 or $80.
23. Let the number of $30 price reductions be n.
The resulting number of tourists will be 80 + n
where 0 < n = 70. The price per tourist will be
5000 — 30n dollars. The revenue to the travel
agency will be (5000 — 30n)(80 + n) dollars. The
cost to the agency will be 250 000 + 300(80 + n)
dollars.

Profit = Revenue — Cost

P(n) = (5000 — 30n)(80 + n)

— 250 000 — 300(80 + n),0 =n =170
=30(80 + 1) + (5000 — 30n)(1) — 300
= 2300 — 60n

I

i

li

I

Il

P'(n)

. 1
P'{n) =0whenn = 383

Since n must be an integer, we now evaluate P(n)
for n = 0, 38, 39, and 70. (Since P(n) is a quadratic
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function whose graph opens downward with vertex
at 383, we know P(38) > P(39).)

P(0) = 126 000
P(38) = (3860)(118) — 250 000 — 300(118)

= 170 080
P(39) = (3830)(119) — 250 000 — 300(119)
= 170070
P(70) = (2900)(150) — 250 000 — 300(150)
= 140 000

The price per person should be lowered by $1140
(38 decrements of $30) to realize a maximum profit
of $170 080.

dy d .
24.a. = Zsp2 4000 1 2)
dx  dx

= —10x + 20
.od . .
Setting ;}% = 0 shows that x = 2 is the only critical
number of the function.

X x << 2 X = 2 x> 2
¥ + 0 -
Graph Inc. Local Max Dec.
. % = %((mz + 16x — 40)
= 12x + 16
Seiting f% = 0 shows that x = —3 is the only
critical number of the function.
PR P IV o
; 3 3 3
vl - 0 +
coph Dec. Local Min Inc.

d
—= = 2;(2)(3 ~ 24x)

= 6x? — 24 p
The critical numbers are found by setting d—;v = (:
6x? =24 =0

6x° = 24
x = *2
X X< =2 x= =2 |-2<x<?2| x=2 x> 2
Yy : + 0 - 0 +
" Graph: Inc. Local Max Dec. Local Min| Inc.

ot-2(2)
“dx dx\x -2

_ (= 2)(1) ~ x(1)
(x - 2)?
-2
(x - 2)?
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This derivative is never equal to zero, so the To check for a horizontal asymptote:

function has no critical numbers. Since the lim 413_ - x*(4)
numerator is always negative and the denominator e e ’2( 3 _l,)
is never negative, the derivative is always negative. ! :
This means that the function is decreasing ~ i x(4)
everywhere it is defined, that is, x # 2. v 1 l
25. a. This function is discontinuous when ) -«
¥ -9=0 lim (x(4))
x = *3.The numerator is non-zero at these AN
points, so these are the equations of the vertical 3:’?(1 - _)
asymptotes. lim (x) X lim (4)
To check for a horizontal asymptote: = iz S
, 3 : 8 . i
lim —o—— = lIm =" Iim (1 - —z)
N X7 9 Ve Ty 9 Rt X
X”(l - ';5) i o
: = lim
lim (8) T
o e T — =
Q 4x73
im 2 1 — -5 Similarly, lim —— = lim (x) = —=, so this
s < —> N —x X 1 [
lim (8) function has no horizontal asymptote.
= Lot To check for an oblique asymptote:
lim (x)* x ]im<.1 - -2;) 4x
Ao A X =14+ 0P+ 0x + 0
~ Jim _1_; % 8 ax* + Ox? — 4x
v X7 1 =0 0 +0 +4x+90
=0 So y can be written in the form
Simifarly, \]_i'?_‘, jvj"’{i—‘z)” = 0.s0y = 01s a horizontal =y = 4x + — ﬂ T Since
asymptote of the function. _ 4x _ x(4)
There is no oblique asymptote because the degree 3:“3 21 1‘_‘2 BV
of the numerator does not exceed the degree of the ' ¥2(1 - ?;)
denominator by 1. ‘ 4
Local extrema can be found by examining the = fl_’“}
derivative to determine critical points: ' X(l - ‘;)
) = (x* = 9(0) = (8)(2x) lim (4)
' (x* =9y I B
o —l6x lim (x(] - i))
= -““‘“'—(Xz - 9)3 s ‘ X
Setting ¥' = 0 shows that x = 0 is the only critical ]‘_rfj (4)
point of the function. = 1
lim (x) X lim (] - —~)
X x<0 x =0 x>0 X% X% A
y * 0 + = lim (—]-> X
Graph Inc. Local Max Dec. X 1-0
= (),
So (0, —%) is a local maximum. . . 4x . _
b. This fu)r)wtion is discontinuous when and similarly .‘.Er?,_ o1 0, the line y = 4xis an
=1=0 asymptote to the function y.
x = x1. The numerator is non-zero at these Local extrema can be found by examining the
points, so these are the equations of the vertical derivative to determine critical points:
asymptotes.
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_ (- 1)27%) — (4x)(2x)

’
;

(= 1)
C12xt = 12a7 - 8y
-y

B 4xt — 1247
IESENTE
Setting v' = (:
4y ~ 12x7 =0
= 3)y=10

sox = 0,x = =V3 are the critical points of the
function

(V3. -6V3) is a local maximum, (V3, 6V/3) is
a local minimum, and (0, 0) is neither.

X X< -\V3 | x= -3 ~\V3<x<0 x =0
y' + 0 - 0
Graph Inc. Local Max Dec. Horiz.

x 0<x< V3 x = V3 x> V3
y - 0 -
Graph Dec. Local Min Inc.

26. a. This funcuon is continuous everywhere, so it
has no vertical asymptotes. To check for a horizontal

asymptote:
lim (4x* + 6x7 — 24x — 2)
. 6 24 2
= him x"(4 42— — - —-3)
X y X X X7/
6 24 2
= lim (x7) X 1im(4 += - - —;)
. e X  x x
=lim(x’) X (4+0-0-0)
—
Similarly,

lim (4x* + 6x2 — 24x — 2) = lim (x') = —o,

A =K

so this function has no horizontal asymptote.

The y-intercept can be found by letting x = 0,

which gives y = 4(0)* + 6(0)* — 24(0) — 2
= -2

The derivative is of the function is

1
y' = £ (47 + 6x% — 24x ~ 2)
dx

1202 + 12x — 24
12(x + 2)(x — 1), and the second derivative is

Il

i

d 5
= (120 4+ 12x — 24
) dx(er 12x )
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= 24x + 12
Letting f'(x) = Oshows that x = =2 and x = | are
critical points of the function. Letting y” = 0 shows

that x = —3 is an inflection point of the function.
1
x X << -2 X = -2 -2 < X x=“5
y + 0 - -
Graph Inc. Local Max Dec. Dec.
y - - - 0
Concavity Down Down Down Infl.
1
X - x < x =1 x> 1
2
y - 0 4
Graph Dec. Local Min Inc.
y + + +
Concavity Up Up Up
Y
304
0+
18-
X
¥ T T T T
-2 -1 0 h
ja 21 0_\\1/

y=4x3+6x2 - 24x -2

b.. This.function_is.discontinuous.when

2—=4=0
(x+2)(x—-2)=0
x = 2 orx = —2. The numerator is non-zero at

these points, so the function has vertical asymptotes
at both of them. The behaviour of the function near
these asymptotes is:

x-values 3x x+2 x-2 ¥ lﬁy
X =27 <0 <0 <0 <0 -
X =27 <0 >0 <0 >0 +x
x— 27 >0 >0 <0 <0 -
x—2" >0 >0 >0 >0 +

To check for a horizontal asymptote:

3, x(3
lim =2 = i —X3)
rox X° = 4 X% 7,( 4)
x4l - 3
X
3

Il
| 5
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lim {(3)

lim (x) x Iim(l - })

AL X%

= lim— X —-
=z X 1 -0
=0
Similarly, lim ;552;3 = {,soy = (is a horizontal

X

asymptote of the function.
This function has y = 0 when x = 0, so the origin is
both the x- and y-intercept.
The derivative is
L 4)3) - (3020
PAN ()‘,2 _ 4)2

-3y - 12 L
= —————— and the second derivative 1s

(x° = 4)
_(x? = 4y (—6x)
(-4

(—3x? — 12)(2(x* — 4)(2x))
(x? = 4)'

=6+ 24x + 120 + 48«
B (x? - 4)’
_ 6x* + 72x

(x? — 4y ‘
The critical points of the function can be found by
letting y" = 0, so
-3 - 12=0

x* + 4 = (. This has no real solutions, so the

function y has no critical points.
The inflection points can be found by letting
y" =0, s0

6x + 72x =0
6x(x* +12) =0
The only real solution to this equation is x = 0, s0
that is the only possible inflection point.

i

x x< =21=2<x<Q0f x=0 [0<x<2] x>2
yl — — —_— — P
Graph Dec. Dec. Dec. Dec. Dec.
¥ - + 0 - +
Concavity | Down Up Infl. Down Up
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 C T W
¥ 1
IR VR ]
] 1
] 1
IO T T L
bad |
\ i
6_

/)
27.a.f'(x) = = ((=4)e" ")
dx {
= (~)e" X S(Se+ )
dx
= (*2())65"""‘
1
b. f’(,\') = _(_(xefi\')
dx ;
= ,\,’(’73‘\» % _(1_(311,) + (] )g}"‘
dx

— eM3x + 1)
d

LY = 63.\—8

€ dx( )

L d |
= (IN6)6" ™ X “~(3x — 8
dx
= (3n 6)6" "

d .
d. yl — “(esm,\)

dx

L d .
= ¢ X —(sin x)
dx
sin v

= (cos x)e
28. The slope of the tangent line at x = 1 can be

. . .y
found by evaluating the derivative e forx = 1

i
dy — _({, 2x—1
dx dx(e )
2x— 1 d
= e X ——(2x — 1
€ dx( ! )
_ 2(32.\“1

Substituting x = 1 shows that the slope is 2e. The
value of the original function at x = 1 is ¢, so the
equation of the tangent line at x = 1 is
y=2e(x—1)+e

29. a. The maximum of the function modelling the
number of bacteria infected can be found by
examining its derivative.

N = (s

il

. od t 1
= 5 078 W el —— + 5 o T3
15¢1¢ dt( 5> (15)e

= ¢ (15 — 31)
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Setting N'(t) = 0 shows that 1 = 5 is the only
critical point of the function (since the exponential
function is never zero). The maximum number of
infected bacteria therefore occurs after 5 days.
b. N(5) = (15(5))e"*
= 27 bacteria
dy

d
30.a.zl-;=z(25inx — 3 cos 5x)

d
= 2cosx — 3(—sinSx) X — (5x)
dx

= 2cosx + 15sin 5x

dy

b. —
dx

i

d
*6“1; (sin 2x + ])4

Il

d
4(sin2x + 1)* X — (sin 2x + 1)
dx

i
= 4(sin 2x + 1)° X (cos 2x) X Z]‘— (2x)
X

= 8 cos 2x(sin 2x + 1)}
¢. y can be rewritten as y = (x* + sin 3x):. Then,
ay_d

— 2 —+ \' ‘ %
T dx (x* + sin 3x)

1, ., v od .
=5 (x* + sin 3x)7? X . (x? + sin 3x)

1 '
=5 (x* + sin 3x):

X <2x + cos 3x X i (3x‘)>
dx

2x + 3 cos 3x

dy d sinx
Tdx E(cosx +2

_ (cosx + 2)(cosx) — (sinx)(—sinx)

B (cos x + 2)?

cos’ x + sin’x + 2 cos x
(cos x + 2)?

1+ 2cosx

~ (cosx + 2)?

d
.=~ = — (tanx’ — tan?
e dx(anr tan” x)

|
|
w1
]
¢
X
|
—
RN
N

d
— 2tanx X E(tan x)

= 2xsec’ x* — 2 tan x sec? x
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1 )
. —Z—)Xi = ;3; {sin (cos x7))
. d ,
= ¢cos (cos x7) X — (cos x7)
dx
. ., d
= cos{cos x”) X (—sinx") X — (x7)
dx
= —2x sin x* cos(cos x7)
31.
L
o
100

250

0

-
As shown in the diagram. let 6 be the angle between
the ladder and the ground, and let the total length
of the ladder be [ = /, + /,, where /| is the length
from the ground to the top corner of the shed and
Lis the length from the corner of the shed to the
wall.

. 250 100
sing = — cos f = —
/, =250 ¢csch I~ = 100 secH
[ =250csch + 100sec 8
1l ,
515 = —250cscHcot B + 100secHian b
_ 250 cos 6 100 sin 6
sin° @ cos’ 6
To determine the minimum, solve (%% = (),
250 cos @ 100 sin 6
sin® 6 cos’ @
250 cos® 6 = 100 sin’® 6
2.5 =tan' 0
tan 6 = /2.5
6 =094
At 8 =094,] = 250 csc 0.94 + 100 sec 0.94
= 479 cm

The shortest ladder is about 4.8 m long.

32. The longest rod that can fit around the corner is
determined by thé minimum;value of x + y. So,
determine the minimum value of / = x + y.

Chapter 5: Derivatives of Exponential and Trigonometric Functions



Solving% = {} yields:
3sin*@ — 3cos’g =0
tan* 9 = |
tan g = |
_ o
=3
Sol = %W + ~;I}—,,,~
From the diagram, sin 6 = 3 and cos 6 = 3 So, oSy sy
v : =3V2 +3V2
I= =12 for0=g=T = 6V2
cos@  sinf 2
dl 3sin 3cos# When 6 =0orf = g the longest possible rod
d6  cos’®  sin’@ would have a length of 3 m. Therefore the longest
3sin’ 6 — 3 cos’ 6 rod that can be carried horizontally around the
- cos? fsin’ g corner is one of length 6 V2. or about 8.5 m.
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